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mx2 − 10x + 3 = 0
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ABCD
a,� f

PA = 9
¡
PB = 4

¡58:<;
PC = 6
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PD

a
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�6FK: d 3
PD2 = c2 + d2 ¡ c2 = 92 − a2 ¡58:<;

d2 = 62 − b2 ¡8}�3£H@5\�@3
PD2 = 92 − a2 + 62 − b2

= 117 − (a2 + b2)

= 117 − 16 = 101
a

�£36: d 3B¡
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√
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xÙ 5WÉ8F�7�5�:<;�J2361K?8}¾E*H23���C�5�ImH ?Bf

x2 + (y + 1)2 = 2
a

������������������� �!�"��#/a
� H23N��C�58I<HQ?Bf@E*H23N3�$@A<5�EGF4?@:

x2 +(y +1)2 = 2FK7U5 d FKC d 1K3>?Bf2C�58;@FDA<7 √
2
}�FDE*H d 3�:BE�CG3�56E

(0, −1)
a�� H23d FKC d 1K3NF�:BE�36C�7,3 d EG7UE*H23

x Ù 5\É�FK7u5�E (±1, 0)
a�� H23S58CG365£?BfE*H23�CG3�$BA2FKCG3�;SCG38�\FK?@:SF�7 d 143658C�1�=N5 $@A<5�C�EG3�C�?Bf�E*H23 d FKC d 1K3?Bf�C�58;@FDA<7 √

2
L�FK:@A<7NE*H23M5�CG3�5�?BfOE*H23!E�C�FK5�:<�\143�}�FDE*HJ25�7,3S1436:<�WE*H √
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5�CG3�5�?BfmE*H23£CG3��\F4?@:
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4
π
(
√

2
)2 − 1

2

(
√

2
)2

=
π

2
− 1

a
Ð � b 7 $@A<5�CG3SF�7�FK:27 d CGFKJ<3�;QFK:!58:�3�$@A2FD1K5�E�36C�5�1@E�C�FK5�:<�\143 auÓ FK:<;�E*H23SC�5�EGF4?!?Bf2E*H23S5�CG3�5?BfmE*H23£7 $@A<5�CG3SE�?�E*H23£5�CG3�5�?BfmE*H23SE�C�FK5�:<�\143 a
������������������� �!�"��#/a

Ø 3�E
x
J23�E*H23�1K3�:<�WE*Hi?BfS3�5 d He7*F4;23r?BfE*H23�7 $BA<58CG3 ac� ?�E�3 E*H@5�ESE*H23 E�?@I�E�C�FK5�:<�\143 FK73�$BA2F�1�56EG3�C�561>5�:<;e561�1�E*H23ÈCGFK�6H�EQE�CGF�58:<�\1K3�7�5�CG3

30◦ Ù 60◦ Ù 90◦ E�CGF�58:<�\1K3�7 aU� 7*FK:<�#E*H23#�B5�1DAm3�7�?Bf
tan 60◦ 5�:<; sin 60◦ ¡tE*H23M7)FK;<367£?Bf�E*H23MC�F4�6H�EE�CGF�58:<�\1K3�7�58CG3 d 561 d A21�56EG38;S5�7�7,H2?8}£: a�� H23�J25�7,3
?Bf�E*H23#3�$BA2F�1�56EG3�C�5616E�C�FK5�:<�\143�F�7

x+
2x√

3

5�:<;>E*H23
H236FK�6H�EuF�7

x +

√
3x

2
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x x√
3

x

xx
√

3x
2

� H23£CG3�$@A2F�CG38;MC�5�EGF4?QFK7 x2

1

2

(

x +
2x√

3

)

(

x +

√
3x

2

) = 28
√

3 − 48
a

Å � Ó F�:<;!E*H23£:@A<L�J<36C�?Bft79?B1�A@EGFK?@:27uEG?QE*H23�3�$BA<56EGFK?@:
2x + 5y = 2005

fp?@CO}�HBF d HJ<?�E*H
x
5�:<;

y
5�CG3£Im?@7*FDEGF �@3SF�:BE�3��63�C�7 a



�����

������������������� �!�"��# � ����� ��#�� � �	��
�� ��� � � � ���Wa
� H23N�\F��@36:!3�$@A<5�EGF4?@: d 5�:!J23>CG3\}£C�FDE�EG3�:Q5�7

2x = 5(401−y)
a�� f

x
5�:<;

y
58CG3FK:BEG38�636C�7O795�EGFK7*fD=@F�:<��E*H23#3�$BA<56EGFK?@:t¡�E*H236:

x
LMA<7�E/J<3#;@F �@F�7)FKJ@1K3#J�=

5 �
E*H@5�EtFK7\¡

x = 5tfp?@C�79?@L 3#FK:BEG38�636C
t
a/� H236:

10t = 5(401−y)
¡�}�HBF d H�7*FKLMI21DF��m3�7/E�?

2t = 401−y
a

� f
y > 0

¡<E*H236:
2t < 401

58:<;�H236: d 3
t ≤ 200

Ì 7)F�: d 3
t
F�7N5�: FK:BEG38�636C Í)aNÒ 3Q5�1�7,?}£58:BE

t > 0
E�?M�63\E

x > 0
a�� HBA<7�¡

1 ≤ t ≤ 200
a

�@5 d H£FK:BEG38�636C
t
7*A d H�E*H@56E

1 ≤ t ≤ 200
�\F �@3�7�I<?@7)F�EGF��@3#FK:BEG38�636C�7

x = 5t
5�:<;

y = 401 − 2t
}�HBF d HM5�CG3£79?B1�A@EGFK?@:27#?Bf<E*H23�?@CGFK�\FK:2561¢3�$BA<56EGFK?@: a �£36: d 3B¡BE*H236CG3£58CG33)É�5 d EG1�=

200
7,?B1DA@EGF4?@:27U}�HBF d H�58CG3�Im?@7*FDEGF �@3SF�:BE�3��63�C�7 a

¥ � Ó ?@C/}�H@5�E��B561�Am367�?Bf
a
;2?23�7UE*H23�3�$BA<56EGFK?@:

4x2 + 4ax + a + 6 = 0
H@5��@3SCG365�17,?B1DA@EGF4?@:27 ×

������������������� �!�"��# ��� ��� ��� � ����
�� ��� � ���"���Wa
b $@A<58;2C�5�EGF d 3�$@A<5�EGF4?@:�H@5�7�CG3�561<79?B1�A@EGFK?@:27�F�fm5�:<;�?@:@1�=�F�f<FDE�7�;@F�7 d C�FKL�FK:25�:BEUF�7:<?@:<�):<3���56EGF �@3 a�� H23�;BFK7 d CGF�LMF�:258:BE�?Bf<E*H23��\F �@3�:�3�$BA<56EGFK?@:�FK7

∆ = (4a)2 − 4(4)(a + 6) = 16(a2 − a − 6) = 16(a − 3)(a + 2)
a

Ò 3£79383NE*H@5�E
∆ ≥ 0

FDft58:<;M?@:@1�=!F�f
a ≥ 3

?@C
a ≤ −2

a
Ñ � b�d 3�C�A<:27/}�FDE*H d ?@:27�EG5�:BE�7)Im3�38;�58:<; Ó 1K5�7,HSCGA<:27

x
EGFKL�3�7O5�7Of45�7*E,¡

x > 1
aUÓ 1�5879H�\F��@367 b�d 3>5�H23�58;!7�EG5�C�EU?Bf

y
L 3\E�CG3�7\¡�58:<;¢¡B5�EO5��\F��@36:!7*F4��:2561�¡�E*H23,=Q7�EG5�C�EU?���F�:�E*H23795�L 3£;@F�CG3 d EGFK?@: auÓ F�:<;!E*H23�;BFK7�EG5�: d 3 Ó 1�5879H�L�A<7*EuC�A<:�EG? d 56E d H b�d 3 a

������������������� �!�"��#/a
Ø 3�E

d
J23�E*H23È;BFK7�EG5�: d 3 Ó 1K5�7,H�L�A<7*E£E�C�5\�@361uE�? d 56E d H b�d 3@¡�1K3�E

v
J23 b�d 3 � 779I<383�;t¡@58:<;�1K3�E

t
J<3NE*H23SEGFKL�3�:<383�;<3�;�EG? d 5�E d H!A<I aO� H236:!}�3�H@5\�@3

d = vxt
5�:<;

5�1�7,?
d − y = vt

a ��1�F�LMF�:256EGF�:<�
v
¡8}�3£H@5��@3

d − y =
d

x

a ��3�: d 3@¡
d =

xy

x − 1

a
Ô � �8H2?8}�E*H@56E

3n − 2n − 1
F�7#;@F �@F�7)FKJ@1K3£J�=

4
fp?@Cu5�:�=MIm?@7*FDEGF �@3SF�:BE�3��63�C

n
a

������������������� �!�"��#/a
Ò 3 d ?@:27)FK;<36COEÊ}�? d 5�7,367 aÓ ?@C

n
3,�@3�:t¡8}�3>}£CGF�E�3

n = 2m
a�� H236:

3n − 2n − 1 = 32m − 2(2m) − 1 = 32m − 4m − 1

= (3m − 1)(3m + 1) − 4m
a

� 1K3�5�CG1 =t¡
3m − 1

5�:<;
3m + 1

58CG3£3,�@3�:
�
}�H236: d 3B¡

4
;BF��BF4;23�7

(3m − 1)(3m + 1)
a� HBA<7\¡

4
;@F �@FK;<367

3n − 2n − 1
aÓ ?@C

n
?2;<;¢¡8}�3N}£C�FDEG3

n = 2m + 1
aO� H23�:

3n − 2n − 1 = 32m+1 − 2(2m + 1) − 1 = 32m+1 − 3 − 4m

= 3(3m − 1)(3m + 1) − 4m
a

b 7�5�J2?��@3B¡
4
;@F �@FK;<367

(3m − 1)(3m + 1)
aO� HBA<7�¡ � ;@F �@FK;<367

3n − 2n − 1
a
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� � � fOE*H23�Im?B1 =2:<?@L�FK561
P (x) = x3 − x2 + x − 2

H@587NE*H23�E*H@CG383��)36CG?23�7
a
¡
b
¡58:<;

c
¡B�m:<;

a3 + b3 + c3
a

������������������� �!�"��#/a
Ò 3�H@5\�@3

P (a) = a3 − a2 + a − 2 = 0
¡

P (b) = b3 − b2 + b − 2 = 0
¡

P (c) = c3 − c2 + c − 2 = 0
a

�6A<L�L�FK:<�NE*H2367,3NE*H@CG383£3�$BA<56EGFK?@:27�¡8}�3£�63\E
a3 + b3 + c3 − (a2 + b2 + c2) + (a + b + c) − 6 = 0

a
�6FK: d 3

a2 + b2 + c2 = (a + b + c)2 − 2(ab + bc + ca)
¡8}�3£�63\E

a3 + b3 + c3 = (a + b + c)2 − 2(ab + bc + ca) − (a + b + c) + 6
a

Î A@EO}�3£561K79?�H@5��@3
x3 − x2 + x − 2 = (x − a)(x − b)(x − c)

= x3 − (a + b + c)x2 + (ab + bc + ca)x − abc
¡

}�HBF d H!FKLMI21DF4367uE*H@5�E
a + b + c = 1

58:<;
ab + bc + ca = 1

a�� H236CG36fp?@CG3B¡
a3 + b3 + c3 = 12 − 2(1) − 1 + 6 = 4

a
Ç Ä � b�d FKC d 1K3>?Bf@C�58;@FDA<7

2
F�7/EG5�:<�63�:BEtE�?£J2?�E*H�7)FK;<367U?Bf@58:£5�:<�\143 atbÈd F�C d 143�?Bf@C�5�;BF�A<7

3
FK7NE�58:<�636:BE>EG?~E*H23M�<C�7*E d F�C d 143M5�:<;ÈJ<?�E*H�7*F4;23�7£?BfOE*H23M58:<�\1K3 a!b E*HBF�CG; d FKC d 1K3MF�7EG5�:<�63�:BE�EG?ME*H23!7,3 d ?@:<; d F�C d 143Q58:<;�J2?�E*H~7*F4;23�7N?Bf�E*H23!58:<�\1K3 a�Ó FK:<;�E*H23!C�58;@FDA<7S?BfE*H23SE*HBFKCG; d FKC d 1K3 a
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Ø 3�E

x
J23eE*H23 C�5�;BF�A<7�?BfQE*H23eE*HBF�CG; d F�C d 143B¡�58:<;&1K3�E

a
J23eE*H23 7,H2?@CÊE�367*E;@F�7*E�58: d 3�f4CG?@L E*H23 �@3�CÊE�3*Ér?Bf�E*H23�5�:<�\143~E�?ÈE*H23��mC�7�E d FKC d 1K3 a Î =�7*FKL�F�1�58CSE�CGF�58:<�

�\14367�¡2}�3!H@5\�@3 a + 2

2
=

a + 7

3

¡¢58:<;�H236: d 3
a = 8

a Î =~7*FKL�F�1�58CuE�C�FK5�:<�\14367N58��5�F�:t¡
}�3�H@5\�@3 a + 10 + x

x
=

a + 2

2

¡BFKLMI21 =@F�:<�>E*H@56E 18 + x

x
= 5

a ��3�: d 3@¡
x = 9

2

a

� H@5�ESJ2C�FK:<��7SA<7NE�? E*H23�3�:<;�?Bf�5�:<?�E*H23�C�FK7)7)Am3 a 021K3�5�7,3�7,36:<;�F�:�79?B1�A@EGFK?@:27��Ò 3�H@58;M:<?�CG365�;23�C�7 �B7,?B1DA@EGF4?@:27uEG?!fp3656EGA<CG3SE*HBF�7�L ?@:BE*H a
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c�dfe&g�h�e�h�e�i�jlk�m�n;oph�m0dDn#qsrfm;i(htqfmuqwv5eGx�oym#z�dfe�{|h}rsi~qwv�r.h	e0j;rfqsrfm;i~z�k|�t���#���#�y�	�0�;�(���
� m0dDn#qsrfm;i(huoye��He&rf�0e�j�g��fqDe�olqwv(r.hTj�g#qDe��4r d d�m;i(dsk�z�e��Hm;i#hHrwj�e�oye0j�r.�	qwv�e�oyeur.h~qsrs{le�z�e&�Dm;oye
x�n#z�d rf�fg#qsrfm;ilm���qwv5e}h�m0dDn#qsrfm;i(h��

��g#�Ivtx�oym#z�dfe�{�r.h��0rf�0e�i�rsil�(i��0d r.h�v|g;i�jl�;oye�i5�Av���qwv5e	m��u�Dr.g0d�d.g;i���n�g0�#e&h,m����#g;i(g(j�g��
�wi�r.h h�n#e&h¢¡&�¤£��}¥��9g;i5jN¦ �,��i(�0d r.h v��4r d d�x�oye��He�j�el��oye�i��Iv(�9g;i�jTrsi�r.hyh0n(e�h�§��9¨��,©&�9g;i�j�ª��
��oye�i��Ivl�4r d d#x�oye;�He0j�e,�(i��0d r.h�v!�

«�v5eGe0j;rfqDm;oKqwv#g;i#¬;h10e�g;i5® ¯3g;oy��«�e�oAoIrfe�o1g;i�j|¯3g;o qsrsi±°�m0dwj�h�qfe&rsi|m��!qwv�et²1i�rf��e�oDhyrfqsktm��
¯Nm;i�qwoye&g0d5�fm;opqwoDg;i#hHd.g#qsrfm;i#h¤m���qwv5epx�oym#z�dfe�{|h0�

» Ã�ÔNÔ aT³ � � � � � � � ��
�´ � � � �Tµ � �5¶ 
 � � �G· � � ��� �!� ��¸ # �I¹ � ��� � �
 ��º¤» � ¶,º�� ��#���¼
����#�� � µ � ½�¾���� #p¿ � � »lÀ2a� H23�fp?B1�1K?8}�FK:<�>�¢�\A<CG3 d 5�: J23 d A@EuF�:BE�?QEÊ}�?�I2FK3 d 3�7�58:<;MCG3�5�79793�L�J@1K38;�F�:BE�?�57 $BA<58CG3B¡UJ�=�7)F�L�I@1�= d A@E�EGFK:<��?���E*H23�Á E�5�J ��5�:<;ÈI@1K5 d FK:<�!FDE>FK:�E*H23 d A@EG5\}£5�=�5�E>E*H23E�?@It¡@587�7,H2?8}£:!FK:!E*H23�7,3 d ?@:<;!FKLM5��63 a
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.Ï 3�EG3�CGLMF�:<3È5ÈL�3�E*H2?2;rE�? d A@E�E*H23È�\F��@36: �¢�\A<CG3�FK:BEG?rE*H@CG3�3ÈI2FK3 d 3�7Q}�HBF d Hd 5�:�J<3�CG36587)7,36L JB143�;�E�?�fp?@C�L 5 7 $BA<58CG3 a Ì Ó FK:<;�5 L 3\E*H2?2;~}�HBF d H�F�7�3679793�:BEGF�5�1D1�=;@F �/36CG3�:BE�f4CG?@L d A@E�EGFK:<��F�ESFK:BEG?�EÊ}�?ÈI@F43 d 367
�
fp?@C�3*É�58LMI21K3@¡ d A@E�EGFK:<�ME*H23�EG58JÈFK:BEG?EÊ}�?£I2FK3 d 3�7�}�?BA21K;�:<?�EOJ<3 d ?@:27)FK;<36CG38;Q;@F �/36CG3�:BE/f4CG?@LÂE*H23#EÊ}�?2�)I@F43 d 3>;@F�79793 d EGFK?@: a Í

» Ã�Ô&� a,³ � � � � � � �	��
~Â}½DÃ¤½ µ ½ µ � � �� 
 � ´�� #�Ä ��� ��� � �pÅ # � ���2a�8?B1��@3NE*H23�fp?B1D14?8}�F�:<��3�$@A<5�EGF4?@:�fp?@C�CG3�561
x
�

log
(

x +
√

5x − 13
4

)

= − log
(

x −
√

5x − 13
4

) a
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» Ã��NÄ aT³ � � � � � � � ��
�´ � � � �Tµ � �5¶ 
 � � �G· � � ��� �!� ��¸ # �I¹ � ��� � �
 ��º¤» � ¶,º�� ��#���¼
����#�� � µ � ½�¾���� #p¿ � � »lÀ2a

MOF �@3£5£I2A<CG3�1�=M�638?@L�3�E�C�F d I2CG?2?BfmE*H@56E
tan−1

(

1
2

)

+ tan−1
(

1
3

)

= π
4

a
» Ã�� Ç a,³ � � � � � � �	��
~Ã � � � � �9´ � � �!# ��� � ��� ��� ���� Ä � · ��# � � ��� � # ��
 � À���¹	��� ����� a� H23QC�F4�6H�E�E�C�FK5�:<�\143QH@5��BFK:<��7*F4;23�7

3
¡ √

7
¡m5�:<;

4
¡¢H@587#E*H23Q7�E�C�58:<�63QI2CG?@Im36C�E{=E*H@56EUE*H23NEÊ}�?!F�:BE�3��63�CU1436:<�WE*H@7#7*A<LËEG?QE*H23>�B5�1DAm3�A<:<;23�CUE*H23�7 $BA<58CG3�CG?2?�Eu7*F4��:�fp?@CE*H23�1436:<�WE*HM?BfmE*H23SE*HBF�CG;M7)FK;<3 a

� a£Ó F�:<;M5�:<?�E*H23�C�7)A d HQE�CGF�58:<�\1K3 a
� a 0<CG?��@3�E*H@5�E>E*H23�CG3�58CG3MF�:@�m:@F�E�3�1�=�L�5�:�=È7*A d H�E�CGF�58:<�\1K3�7\¡�58:<;�7,H2?8}ÕH2?8}�EG?d ?@:27�E�CGA d EUE*H236L a
� a Ï ?23�7�E*H23�fp?@C�L�A21K5N}�?@C*�Q?@:@1 =�fp?@CUF�:BE�3��63�C�7 ×» Ã���Ã a ³ � � � � � � � ��
�¾�� �
	� À ���!���	� ���;¼�´���� � � � � � ¸ # �I¹ � ��� � ��� �l³ ��� ������ � # �"� � � �

� � �!� ��� # 
 � � ´���� � � �"��# � � µ � ����#�a
Ø 3�E

x
J23�5 Im?@7*FDEGF �@3�:@A<L�J<36C a 0<CG?6�@3�E*H@56E √ [x]

x + {x} +

√

{x}
x + [x]

> 1
¡

}�H23�CG3
[x]

58:<; {x} CG3�I2CG3�793�:BENE*H23 F�:BE�3��63�CSI<5�C�E�5�:<;�E*H23 f4C�5 d EGF4?@:2561�I<5�C�E£?Bf x
¡CG3�7)Im3 d EGF��@3�1�= a

» Ã�� Ú a ³ � � � � � � � ��
 ´ � � � � µ � ��¶ 
 � � �
· � � ��� ����� ¸ # �I¹ � ��� � �
 ��º » � ¶,º � � # � ����#�� �µ � ½�¾���� #p¿ � � »lÀ2a

�BFK�6H�E�3�$BA<5�1 d F�C d 14367>58CG3QL�A@EGA<5�1D1�=MEG5�:<�63�:BEFK:rI25�F�C�7Q58:<;�EG5�:<�63�:BE�3)É6E�36C�:2561�1 =�E�?È5~A<:@FDE d F�C*�d 143 a Ï 3\E�36C�L�FK:<3SE*H23 d ?@L�L�?@:MC�5�;BF�Ft?BfmE*H23�3�F4�6H�E79LM5�1D1436C d FKC d 1K3�7 a
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log
(

x +
√

5x − 13
4

)

= − log
(

x −
√

5x − 13
4

) a
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tan−1
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3
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= π
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√

{x}
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> 1
¡2?, A

[x]
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a
» Ã�� Ú a ³ � � � � �
	� � ��� ´ � � � � µ � ��¶ 
 � � �¸ # �A¹ � � � ����	� · � � ��� �!� � � � � � � � � ¼&» � �5¹ � �µ � ½�¾���� #p¿ � � »lÀ2a

� : d ?BA<CG?@:2:<3i143 d 36C d 143eA<:@FDE#�3i5\�@3 d HBA2FDEIm3\EGFDE�7 d 36C d 14367(�38��56A�É�E�58:<�636:BEG7#3�EOEG5�:<�63�:BE�7#;<3�A�É
 5�;236A�É a@� CG?BAB�@3�C�1K36A<C�C�5�=@?@: d ?@LMLMA<: a

..

.

..

.

..

.

..

.

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
...
...
...
....
....
....
...........

...........................................................................
..
...
..
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
...
..
..
..
..................................................................................

.....
....
....
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
.
..
.
..
.
..
.
...

.

..

.

..

..

.

..

..

..

..

..

..

..

..

..

..
..
..
..
..
...
...
...
....
.....................................................

...

..

...

..

.

..

..

.

.

..

..

.

..

...

..

.......................................................
....
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
.
..
.
.

..

.

..

.

..

..

..

.

..

..

..

..

..

..

..

..

..
..
..
..
..
...
..
....
....
......................................................

..

...

..

..

.

..

..

.

..

.

..

.

...

..

..

......................................................
....
....
...
...
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
.
..
.
..
..
.
.

..

.

..

.

..

..

..

.

..

..

..

..

..

..

..

..

..
..
..
..
..
...
..
....
....
......................................................

..

...

..

..

.

..

..

.

..

.

..

.

...

..

..

......................................................
....
....
...
...
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
.
..
.
..
..
.
.

..

.

..

.

..

..

..

.

..

..

..

..

..

..

..

..

..

..
..
..
..
...
..
....
....
......................................................

..

...

..

..

.

..

..

.

..

.

..

.

...

..

..

......................................................
....
....
...
...
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
.
..
.
..
..
.
.

..

.

..

.

..

..

.

..

..

..

..

..

..

..

..

..

..

..
..
..
..
...
...
...
....
.....................................................

...

..

...

..

.

..

..

.

.

..

..

.

..

...

..

.......................................................
....
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
.
..
.
.

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
...
..
...
....
....
....................................................

...

..

...

.

..

..

.

..

.

..

.

..

..

..

...

.......................................................
....
...
..
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
.
.
..
..
.
..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
...
..
...
....
....
....................................................

...

..

...

.

..

..

.

..

.

..

.

..

..

..

...

.......................................................
....
...
..
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
.
..
..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
...
..
...
....
....
....................................................

...

..

...

.

..

..

.

..

.

..

.

..

..

..

...

.......................................................
....
...
..
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
.
.
..
..
.
..



���#

Q R�SPUXW3Y �~]N`������(]��Xa

» Ã Ú Ô a ³ � � � � �
	� � ���	¾���� #
	 � � # � · ��À � �(Ä�� � �!# � ¸ # �A¹ � � � ����	� ���X» � ��¹ � � ��¼´ � � # ��¶ �"� � ��� � � � � � � � �"��# � »l´p½�8?BFDE
PQ

A<:<3 d ?@CG;23>;/� A<:<3NI258C�58J<?B1K3>3�E/7,?BF�E
R
1K3�Im?BF�:BE�LMFD1�FK36AQ;<3

PQ
a �8?BF�E

S
A<: I<?BFK:BEu7)A<C�1K5�I258C�58J<?B1K3�EG361/$@Am3�1K5�E�58:<�636:BE�3Q36:

S
3�7�E�I258C�561�1� 361K3" 5

PQ
a �6F

T;��367)FK��:<3!143!I<?BFK:BE>; � F�:BE�36C�7,3 d EGF4?@:�;23�7�EG5�:<�63�:BEG3�7�36:
P
3�E

Q
¡¢L�?@:BE�CG3�C�$@Am3

R
¡
S3�E

T
79?@:BE d ?B1DFK:��365�F�CG3�7 a

µ ����� �!�"��# � ���K¾ � ��#K¼ � �5¹	� �� � ��� � ��� 	� Ä � � � � � � � � � ��#��1¹ � � � � � � � � � � ��#��1¹ � � � � �
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∣

∣
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a
02A2FK7 $@Am3

p 6= q
¡2?@:M5

2as = a(p + q)
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» Ã Ú � a ³ � � � � � � � ��
�������� � »u½�� � � 
 � ¹ � ´�� ��� µ ��� � � ¸ # �I¹ � ��� � �
 � ´�� ��� ���� � � ����� � � #K½
� f

a
¡
b
¡
c > 0

¡@I2CG?��@3NE*H@56E
1

a + b
+

1

b + c
+

1

c + a
≤ (a + b + c)2

6abc

a
µ ����� �!�"��# ��
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A1
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A7

� ?@:27*F4;23�C�FK:<��E�C�FK5�:<�\14367
AEA3

¡
A7A4B

¡
A1A5C

¡È58:<;
A2A6D

¡�E*H23fp?B1�1K?8}�FK:<�NCG361�56EGFK?@:27,HBF�I<7�5�CG3�?2J�EG56FK:<3�; �
A + E = 180◦ − A3

¡
B = 180◦ − A4 − A7

¡
C = 180◦ − A1 − A5

¡
D = 180◦ − A2 − A6

a
�6A<L�L�FK:<�NE*H2367,3£3�$BA<56EGFK?@:27�¡�}�3 d 58:!E*H236: d ?@: d 1�Am;23SE*H@56E

A + B + C + D + E

= (180◦ − A3) + (180◦ − A4 − A7)

+ (180◦ − A1 − A5) + (180◦ − A2 − A6)

= 720◦ − (A1 + A2 + A3 + A4 + A5 + A6 + A7)
a

�£?8}�3,�@36C,¡
A + B + C + D + E = 540◦ a ��3�: d 3@¡

540◦ = 720◦ − (A1 + A2 + A3 + A4 + A5 + A6 + A7)
a

� H236CG36fp?@CG3B¡
A1 + A2 + A3 + A4 + A5 + A6 + A7 = 180◦ a

9 ##����� �,"��/�$�5�E< �5MO�$G�!��L�$�L�/�����L��� <L�$�A� ��8>GA<7� �L��
#K
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Z\[,]_^N`#W3Y ] � �|UXW�Q ]�� �|U
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	�"���
� HBF�7�L�?@:BE*H¢¡�}�3N�\F �@3>7,?@L�3�E*H2?BAm�6H�EO58J<?BA@E�CG3�I<3�5�EGFK:<��;<3 d FKLM5�1�7 Ì ;23 d F�L�561K7\¡

������������� � ¡����� �! "$#&% '�¡)(+* , - .0/ 1 2 a{a{a Í
3�$)x5*�y����54 	 Ì ����� � � 5�:25�;BFK5�: � I<3�:��r5�E*H23�LM56EGF d 7 � H@561�1K3�:<�63 Í�6A<I<I<?@7,3

n
5�:<;

D
5�CG3SF�:BE�3��63�C�7U}�FDE*H

n
I<?@7)F�EGF��@3S5�:<;

0 ≤ D ≤ 9
a Ï 3�EG3�CGLMF�:<3

nF�f n

810
= 0.9D5 = 0.9D59D59D5 . . .

a
� ��:<3W}cE*H@56E � 7,H2?BA21K;!H@5��@3NI<56F4;QL ?@CG3N5�E�E�36:BEGF4?@:QF�:�3�1436L 36:BEG5�C{=!7 d H2?2?B1 � � f=@?BA*� CG3>1DF4�83>L 3B¡6=@?BA!I2CG?2J258J@1 =QCG3�L�3�L�J<36C/E*H@56E 1

3
= 0.33333 . . .

}�HBF d H d 5�:Q5�1�7,?J<3£}£C�FDE�EG3�:~5�7
0.3
a �r5\=<J23£=@?BA�CG3�L�3�L�J<36C�E*H@5�E 7

9
= 0.7 = 0.7777 . . .

a ��?8}5�J2?BA@E 1
7
× Ï ?�=@?BA ��:<?8} E*H@56EUE*HBF�7�3�$@A<561K7 0.142857 ×� ?!7,?B1 �@3�0<CG?2JB1436L76 � ¡BF�E�}�?BA214;MJ23£H2361�I2fKA212E�? d ?@:��@3�CÊEUE*H23�CG3�I<3�5�EGFK:<��;23 d �FKLM5�12E�?!5£f4C�5 d EGF4?@: a Î A@E�H2?8} ;2?�}�3£;<?QE*HBF�7 × Ø 3\E � 7�1K?2?2��56EUEÊ}�?�;@F �/36CG3�:BEO}£5\=27 a� : E*H23��mC�7�E#58I2I<CG?@5 d H¢¡<}�3Q7,3\E

x = 0.9D5 = 0.9D59D59D5 . . .
aN� H23�:

1000x = 9D5.9D59D5 . . . = 9D5.9D5
a�� HBA<7�¡

999x = 1000x − x = 9D5.9D5 − 0.9D5 = 9D5
Ì 5�:�FK:BEG38�636C � Í

x =
9D5

999

a
Ï ?23�7uE*HBF�7�L 3\E*H2?2;�1K?2?2�£f458L�F�1DFK5�C × � EuL�5\=t¡BFDf<=@?BA H@5\�@3�3,�@36CUE�C�F43�;!EG?�I2CG?��@3SE*H@5�E
0.9

5 d EGA<561�1 =�3�$@A<561K7
1
aÓ ?@C�5£7,3 d ?@:<;�58I2I<CG?@5 d H¢¡�}�3�CG3\}£C�FDEG3

0.9D59D59D5 . . .
587

9D5

103
+

9D5

106
+

9D5

109
+ · · ·

� HBF�7�FK7�58:ÈFK:@�<:@FDEG3��63�?@L 3\E�CGF d 793�C�F4367S}�FDE*H��<C�7*ENE�36C�L
a =

9D5

103

5�:<; d ?@L�L�?@:
C�56EGFK?

r =
1

103
�
E*HBA<7\¡BFDE�7�7)A<LËFK7

a

1 − r
=

9D5

103

1 − 1

103

=
9D5

1000 − 1
=

9D5

999

a
� E�FK7�CG3�5�797*A<CGF�:<��E�?Q�63\E/E*H23N795�L 3>5�:27�}�36C�F�:£EÊ}�?Q;BF���3�CG36:BE/}£5\=27 a/� C{=�A<7*FK:<�

?@:<3N?@C�J2?�E*H�?BfBE*H23�793�L 3\E*H2?2;27�E�?�7,H2?8}eE*H@56E
0.1234 =

1234

9999

5�:<;
0.abc =

abc

999

a
� 5�:�=@?BA d ?@L 3�A<I�}�F�E*HM79?@L 3��636:<3�C�561tC�A214367#fp?@C d ?@:��@3�CÊEGFK:<��CG3�I<3�5�EGFK:<�£;<3 d FKLM5�1�7E�?!f4C�5 d EGF4?@:27 ×� ?8} }�3�5�CG3£CG365�;8=!E�?!7,?B1 �@3�0<CG?2J@1K3�L76 � a
µ ����� �!�"��# �"��³ � � ��� � �98;: �eÓ CG?@L E*H23��\F��@36: F�:@fp?@C�LM56EGFK?@: 5�:<;c?BA<C d ?@LML 36:BEG7
5�J2?��@3B¡�}�3 ��:<?8}ËE*H@56E n

810
= 0.9D5 =

9D5

999

a�� 1K3�5�CGF�:<�!E*H23�f4C�5 d EGF4?@:27N=BF43�14;@7



��� �

999n = 810(9D5)
aOÒ 3 d 58:!7*FKLMI21DF�fD=£E*HBFK7�J�=�;@F �@FK;@F�:<�SJ2?�E*HQ7)FK;<367�J�=

27
¡B�\F��BFK:<�

37n = 30(9D5)
a �6F�: d 3

37
FK7N5!f45 d E�?@C�?Bf�E*H23!1K36f�E#7)FK;<3B¡¢F�E�L�A<7*E�J<3!5!f45 d EG?@C�?BfE*H23NC�F4�6H�EO7)FK;<3 a �6F�: d 3

37
5�:<;

30
H@5��@3>:<? d ?@LML ?@:�f45 d E�?@C�7\¡6E*H23�:

37
LMA<7�EU;@F �@FK;<33)É�5 d EG1�=�F�:BE�?

9D5
a ��?8} d 58:£}�3S;<3\E�36C�L�FK:<3

D × � :<3�}£5\=�}�?BA214;!J23>EG?!�63\E�?BA@EU5d 561 d A21�56EG?@Cu5�:<;!E�C{=!EG?!�m:<;M5£LMA21�EGFKI@143£?Bf
37
E*H@5�E�FK7#J23�EÊ}�3�3�:

900
58:<;

1000
5�:<;3�:<;@7u}�FDE*H!5

5
aO� HBFK7�}�?BA21K;2:/� E�J23SEG?2?MH@5�CG; a�£36CG3�F�7�58:<?�E*H236Cu58I2I<CG?@5 d H aOÒ 3S�mC�7�Eu:<?�EG3SE*H@5�E
37 × 20 = 740 < 9D5 < 1120 = 37 × 30

a
�£36: d 3B¡

9D5 = 37 × 25
J23 d 5�A<793�:<?�?�E*H236C�:@A<L J23�C#FK: E*H23�Im36C�L�FK7)7)FKJ@1K3�C�5�:<�63}�H23�:MLMA21�EGFKI@1�FK38;MJ�=

37
}�F�1D1¢3�:<;!FK:

5
aO� H23�CG3�fp?@CG3@¡

D = 2
aÎ A@E�}�3£}£58:BE�E*H23��B561�Am3�?Bf

n
a�� 3 d 5�1D1�E*H@5�E

37n = 30(9D5) = 30(925)
a�£36: d 3B¡

n = 30(925)/37 = 750
a

b 7�}�F�E*H£L�5�:�=�I<CG?2JB1436L�7UF�:��@?B1��BFK:<�#5NCG36Im3656EGF�:<�>;23 d F�L�561�¡6E*H23N;23 d F�L�5612�63\EG7d ?@:��@36C�EG38;�E�? 5Qf4C�5 d EGF4?@: a �8?ME*H23Q58L�?BA<:BE>?Bf���:<?8}�1K38;2�63�?Bf�CG3�I<3�5�EGFK:<�Q;<3 d FKLM5�1�7E*H@56EO}�3�:<383�;�FK7�:<?�Eu3�:<?@CGL ?BA<7 a�£36CG3�F�7�58:<?�E*H236Cu7)A d H�I2CG?2J@1K3�LËEG?M�83�3�I!=@?BA JBA<7�=�?6�@3�COE*H23£:<3)É6EuL ?@:BE*H �
3�$)x5*�y���� 4 � Ì �8�8�B� b � � � ÍMØ 3\E

S
J23�E*H23È793�E!?Bf>561�1#C�5�EGF4?@:2561#:@A<L J23�C�7

r
}�F�E*H

0 < r < 1
¡�E*H@56E�H@5\�@3�5>CG36Im3656EGF�:<��;<3 d FKLM5�1B3)É8I<5�:27)FK?@:�?Bf�E*H23#fp?@CGL

0.abc
¡\}�H236CG3E*H23£;BF4�\F�EG7

a
¡
b
¡B58:<;

c
5�CG3�:<?�E�:<3 d 36797)58C�F�1 =�;@F�7*EGF�: d E a�� ?£}£CGF�E�3>E*H23�361K3�L�3�:BE�7#?Bf

S587�f4C�5 d EGFK?@:27�FK:�1K?8}�3�7�EOE�36C�LM7�¡2H2?8}ÂLM58:�=M;@F �/36CG3�:BEu:@A<L 36C�56EG?@C�7#5�CG3£CG3�$BA2FKCG3�; ×M�?2?2;!1�A d � � � � �@3£I2A@Eu5�fp3\} HBF�:BEG7�56EOE*H23�3�:<; a
� : Ó 3�J2C�A<58C{= � 7�0<CG?2J@1K3�L?BfBE*H23£��?@:BE*H¢¡6}�3#14?2?2�83�;�56E�5NI2CG?2J@1K3�L FK:��@?B1 �@F�:<�;<3\E�36C�L�FK:@F�:<�£E*H23!5��@36C�5��63!:@A<L�J<36C>?Bf � d H@5�:<�63�I<?BFK:BE�7��SF�:�793�$BAm3�: d 3�7S?Bf

0
7N5�:<;

1
7 aQ� HBF�7SF�:��@?B1��@3�; d ?BA<:BEGFK:<��E*H23!EG?�EG561�:@A<L J23�CN?Bf d H@5�:<�63MIm?BF�:BEG7�?��@36C�5�1D1�7)A d H7,3�$@Am36: d 367�FK:M5 d 143,�@36CO}£5\= a

� L�58�\FK:<3NLQ=Q7*A<C�I2CGF�7,3N?@:£E*H23>�<C�7*EO��56EGA<CG;@5�=�FK: Ï 3 d 36L J23�C Ì 58J<?BA@E/E*H23�EGF�L 3
� }£587t}£CGF�EGFK:<��E*H23 Ó 3�J2C�A<58C{= d ?B1DA<L�: Í ¡\}�H23�: � 795\}�E*H23�fp?B1�1K?8}�FK:<��I2CG?2J@1K3�L ?@:SE*H23����� � Ò FD1�1DFK5�L Ø ?8}�3�1�1�02A@E�:25�L	�r5�E*H23�LM56EGF d 561 � ?@L�I<3�EGF�EGF4?@: a Ì � H@5��@3ML ?2;BF��m38;E*HBFK7OI2CG?2J@1K3�LÂ7*1�FK�6H�EG1�=>EG?�CG36L ?6�@3�E*H23#7)Im3 d FK561 d 58793�?Bf

n = 2
58:<;NEG?�CG36L ?6�@3#7,?@L�3?BfmE*H23£L�?@CG3SEG3 d H@:@F d 561¢:<?�E�56EGFK?@: a Í

3�$)x5*�y���� 4m| a�b Im36C�L�A@EG5�EGF4?@:
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A

B C

D

M
O

P

Q
X

Y

�6FKL�F�1�58C�1�=¢¡8}�3£?2JBE�5�F�:
OQ · OC = OB2

a�� H236CG36fp?@CG3B¡
OQ

OP
=

OA

OC
=

MA + MO

MA − MO
=

MA

MO
+ 1

MA

MO
− 1

=
t + 1

t − 1

a

Ð a �6A<I2Im?@793>E*H@5�E�E*H23NF�: d FKC d 1K3�?Bf 4ABC
F�7UEG5�:<�63�:BE�E�?£E*H23N7)FK;<367

AB
¡
BC

¡
CA56EuI<?BFK:BE�7

P
¡
Q
¡
R
¡BCG3�7)Im3 d EGF��@3�1�= a 0<CG?��@3NE*H23�fp?B1�1K?8}�FK:<�>F�:<3�$BA<5�1DFDE{= �

BC

PQ
+

CA

QR
+

AB

RP
≥ 6

a
µ ���I¹ � � ��
 · ��� � � � � �*� � � � � �!� � µ �� � � � � ���yÄ � � � ��# � ��� ��#�� · ��Ä � � ��� � � #�Ä ��� �
� ��¹	� � ��� � �!� � �wÄ � � � � �p· ��� �"��� ��� � µ � � �!#4½ � � � � � � � # � �� � ������� �!�"��# ��º � � � #�Ä ��� �
� ��¹	� �#½Ò 3�A<793#E*H23�7*E�58:<;@58CG;�:<?�EG5�EGF4?@:

a
¡
b
¡
c
fp?@C�E*H23>7*F4;23�7�?BfBE�C�FK5�:<�\143

ABC
¡85�:<;

s
fp?@CUE*H23�7,36LMF�Im36CGF�L 3\E�36C a



��� �

Ò 3�H@5\�@3
PQ = 2(s − b) sin

B

2
= 2(s − b)

√

(s − c)(s − a)

ca

¡

QR = 2(s − c) sin
C

2
= 2(s − c)

√

(s − a)(s − b)

ab

¡

RP = 2(s − a) sin
A

2
= 2(s − a)

√

(s − b)(s − c)

bc

a
Ò 3#5�I<I@1�=>E*H23 b � Ù M�� � :<3�$BA<5�1DFDE{=�58:<;SA<793�E*H23#58J<?6�@3�3*É�I2CG3�7)7)FK?@:27/fp?@C

PQ
¡
QR

¡58:<;
RP

EG?M�63\E
BC

P Q
+

CA

QR
+

AB

RP
≥ 3 · 3

√

BC · CA · AB

P Q · QR · RP
= 3 · 3

√

(abc)2

8[(s − a)(s − b)(s − c)]2
a

Ó F�:25�1D1�=¢¡�}�3MA<7,3�E*H23�}�361D14�)��:<?8}£:�FK:<3�$@A<561�F�E�=
abc ≥ 8(s − a)(s − b)(s − c)

¡}�HBF d H!FK7#3�$@A2F �B5�1K3�:BEUEG?��BA21K3�C � 7 � :<3�$BA<5�1DFDE{=t¡�E�?�?2JBE�5�F�:
BC

P Q
+

CA

QR
+

AB

RP
≥ 3

3
√

8 = 6
a

� $BA<5�1DFDE{=�? d�d A<C�7�?@:@1 =�FDf 4ABC
F�7#3�$BA2F�1�56EG3�C�561 a

Å a�b :27�}�36CUE*H23Sfp?B1�1K?8}�FK:<�#}�H236CG3
m
F�7�5�I<?@7)F�EGF��@3SF�:BE�3��63�C a

Ì 5 Í 0<CG?��@3NE*H@5�E�F�f
2m+1 + 1

;@F �@FK;<367
32m

+ 1
¡�E*H236:

2m+1 + 1
FK7�5£I<C�FKL�3 a

Ì J Í"� 7uE*H23 d ?@:��@36C�7,3£?Bf Ì 5 Í E�C�Am3 ×
� � � � � # � ��
 · ��� � � � � � � � � � � �!� � µ �� ��� � � ���HÄ �1� � � #�� � ½0B58CÊE Ì 5 Í 5�:<;�F�EG7 d ?@:��@3�C�793 d ?@:27*EGF�EGA@E�3�0@36I2F�:/� 7 � 367*EU?Bf2I<C�FKLM5�1DFDE{=�fp?@C Ó 3�CGL�5�E:@A<L J23�C�7 Ì �# � � Í)a
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A
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Γ
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B
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C
a�Ø 3�E

D
J<3NE*H23SLMFK;<�*Im?BF�:BE�?Bf<E*H237,3 d 5�:BE�?Bf

Γ
}�HBF d HMFK7�EG5�:<�63�:BE�EG?�E*H23Q79LM5�1D1436C d FKC d 1K3�7�56E

A
a �8H2?8}ÂE*H@56E

A
F�7#E*H23FK: d 3�:BE�CG3�?BfmE*H23NE�CGF�58:<�\1K3

BCD
FDfmE*H23 d 3�:BE�CG367�?BfmE*H23 d FKC d 1K3�7�5�CG3£:<?�E d ?B1�1DFK:<3658C a

µ ����� �!�"��# ��
 · �wÄ � � � � � � #�Ä ��� � � ��¹	� � ��� � �!� � �wÄ � � � � �p· � � � ��� � � � µ � � �!#4½Ø 3�E
E
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F
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PS = SC
a�b 1K79?¢¡

PS

BS
=

CP

AB
=

1
2
AB

AB
=

1

2

¡
L�58�8F�:<�

∠SBP = 30◦ F�:MCGFK�6H�EUE�CGF�58:<�\1K3 PBS
a�� H236CG36fp?@CG3B¡

∠BRC = ∠BRS + ∠SRC = ∠BRS + ∠SRP

= ∠BRS + ∠SBP = 90◦ + 30◦ = 120◦ a
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¡
b
¡
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a2 > bc
¡

(a2 − bc)2 > k(b2 − ca)(c2 − ab)
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(a2 − bc)2 > k(b2 − ca)(c2 − ab)
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¡
b
¡
c > 0
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a2 > bc

a�Ø 3�E
t ∈ (0, 1)

a �6FK: d 3
12 > t · t

¡8}�3£H@5\�@3
(1 − t2)2 > k(t2 − t)(t2 − t)

¡
f4CG?@L}�HBF d H�}�3£;238;BA d 3SE*H@56E

(

1 + t

t

)2
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a

� Eufp?B1D14?8}£7�E*H@5�E
k ≤ lim

t→1

(

1 + t

t

)2
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(a2 − bc)2 > 4(b2 − ca)(c2 − ab)
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(a2 − bc)2 ≤ 4(b2 − ca)(c2 − ab)
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a2 > bc
¡@58:<;�;236�<:<3

f(x) = (b2 − ca)x2 + (a2 − bc)x + (c2 − ab)
a

Ó CG?@L Ì � Í ¡m3�FDE*H236C
f(x) ≥ 0

fp?@C�561�1¢CG3�561
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f(x) ≤ 0
fp?@C�5�1D1tCG365�1
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f(1) = a2 + b2 + c2 − ab − bc − ca > 0
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a = b = c
FK7#3*É d 1�Am;238;�J�=

a2 > bc
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a2 + b2 + c2 > ab + bc + ca
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� E�fp?B1�1K?8}£7uE*H@5�E
b2 − ca

FK7�I<?@7)F�EGF��@3 a�� ?8}�¡8}£C�FDEG3
f(x) = (bx − c)2 − ag(x) − x(a2 − bc)

¡
}�H23�CG3

g(x) = cx2 − 2ax + b
a �6FK: d 3

a2 − bc > 0
5�:<;

g
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c

b

)

=
c(c2 − ab) + b(b2 − ac)

b2
> 0

Ì 7*FK: d 3
c2 − ab

H@5�7£E*H23~7)58L�3~7*F4��:�5�7
b2 − ca
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c
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< 0
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Ç a�b CG3 d EG5�:<�\A21K5�C�J2C�F d �QH@587��@?B1�A<L�3

V = x
d L 3 ¡@5�:<;M7*A<CGf45 d 3£5�CG3�5 S = y
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x = 10y

a
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  � ��� ��� #�� � # � ´ ��� � � � � � ��� � � #�� � ½Ø 3�E

a
¡

b
¡u58:<;

c
J<3 E*H23�;@F�L 36:27)FK?@:27�?Bf�E*H23�J@CGF d � a�� H236:

x = abc
5�:<;

y = 2a2 + 2b2 + 2c2 a Î =!E*H23 b � Ù M�� � :<3�$BA<5�1DFDE{=t¡8}�3£H@5��@3

x2/3 = (a2b2c2)1/3 ≤ a2 + b2 + c2

3
=

y

6

a
Ò H23�:

x = 10y
¡2}�3��63\E

x2/3 ≤ x
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�
E*H@56E�FK7\¡

x ≥ 603 = 216000
a ��?@CG3�?��@36C,¡

}�H23�:
a = b = c = 60

}�3MH@5��@3
x = 10y = 216000

a �£36: d 3B¡tE*H23ML�FK:@F�L�561�@?B1�A<L�3�fp?@C�}�HBF d H
x = 10y
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B
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C
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A1
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A2
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B1
¡
B2

5�:<;
C1
¡
C2
a 0<CG?��@3NE*H@56E

2(A1A2 + B1B2 + C1C2) = AB + BC + CA
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∆ABC
a�� H23�:t¡

∠BAA1 =
π

2
− B

2
=

A + C

2
>

A

2
= ∠BAI

¡
∠CAA2 =

π

2
− C

2
=

A + B

2
>

A

2
= ∠CAI

a
� HBA<7\¡

A1
5�:<;

A2
5�CG3�?@:�?@I2Im?@7*FDEG3�7)FK;<367#?BfmE*H23�JBFK793 d EG?@C

AI
a ��?@CG38?6�@3�C9¡

∠IAA1 =
π

2
− ∠AIA1 =

π

2
−
(

A

2
+

B

2

)

=
C

2

Ì 7*FK: d 3
∠AIA1 = π − ∠AIB

Í 58:<;M7*FKL�F�1�58C�1�=¢¡
∠IAA2 =

B

2

a � E�fp?B1D14?8}£7�E*H@5�E

IA1 = AI sin

(

C

2

) 58:<;
IA2 = AI sin

(

B

2

) a Ì � Í
Ò FDE*HQE*H23Sf458L�F�1DFK5�C�:<?�EG5�EGF4?@:27

a = BC
¡
b = CA

¡B58:<;
c = AB

¡8}�3�561K79?MH@5\�@3
AA1 = c sin

(

B

2

) 58:<;
AA2 = b sin

(

C

2

) a Ì � Í
� ?8}�¡U?2J2793�C{�@3ME*H@56E

A
¡

A2
¡
I
¡O5�:<;

A1
5�CG3 Ì F�:�E*HBFK7Q?@CG;23�C Í ?@:�E*H23 d F�C d 143�}�F�E*H;@F�58L�3�EG3�C

AI
a 0@EG?B1436L!= � 7 � H23�?@CG3�L �\F��@367

A1A2 ·AI = IA2 ·AA1+IA1 ·AA2
¡f4CG?@L}�HBF d H¢¡BA<7*FK:<� Ì � Í 5�:<; Ì � Í ¡8}�3£�63�E

A1A2 = c sin2

(

B

2

)

+ b sin2

(

C

2

) a
� H236CG3£58CG3�58:25614?2�6?BA<7�CG3�7*A21DE�7�fp?@C

B1B2
58:<;

C1C2
a�� ?8} }�3£H@5��@3

2(A1A2 + B1B2 + C1C2)

= 2(a + b) sin2

(

C

2

)

+ 2(b + c) sin2

(

A

2

)

+ 2(c + a) sin2

(

B

2

)

= (a + b)(1 − cos C) + (b + c)(1 − cos A) + (c + a)(1 cos B)

= 2(a + b + c) −
[

(c cos B + b cos C)

+ (a cos C + c cos A) + (a cos B + b cos A)
]

= 2(a + b + c) − (a + b + c) = a + b + c = AB + BC + CA
a
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2003 Ù �6?@: a � HBFK7£��C�58I<H�F�7SE*H23 d = d 1K3 C2003
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 Í EG?�I<CG?6�@3 E*H@5�E,¡uL�?@CG3��63�:<36C�5�1D1�=¢¡UE*H23:@A<L J23�C�?BftI<CG?@I<3�C d ?B1K?BA<CGF�:<��7�?Bf Cn
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q
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PCn
(q) = (q − 1)n + (−1)n(q − 1)Ì d 5�1D143�;NE*H23 d H@CG?@LM56EGF d Im?B1 =2:<?@L�FK561�?Bf

Cn
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PC2003
(3) = 22003−2
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ft(n)
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k
7)A d H�E*H@5�E

1 ≤ k ≤ n
5�:<; (k

t

) FK7u?2;2; a Ì � f
1 ≤ k < t

¡6E*H23�: (k
t
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= 0
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E*H@56E�FDf
n
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=
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∑
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p
∑
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∏
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2p−r F�:BE�3��63�C�7 k
7)A d H

E*H@56E
1 ≤ k ≤ n

5�:<; (k
t
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f1 = f2 = 158:<;
fn = fn−1 + fn−2

fp?@C
n > 2
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7)56EGF�7)fD= �
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b ≥ fn+1
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b
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t

a�� H236:
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xb < ay
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xb ≤ ay − 1
a �6F�LMFD1K5�CG1 =t¡
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a�� H236CG36fp?@CG3B¡
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n = (−1)n a

³ � � ��º �t� H23£I2CG?2?Bf¢FK7#J�=!FK:<;BA d EGF4?@:�?@:
n
aÒ 3£H@5\�@3
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a ��3�: d 3@¡�E*H23�CG367)A21�EUFK7�E�CGAm3Sfp?@C
n = 2
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n > 1

aO� H23�:
fn+2fn − f2

n+1 = (fn+1 + fn)fn − fn+1(fn + fn−1)

= −(fn+1fn−1 − f2
n) = −(−1)n = (−1)n+1 ¡

}�HBF d H d ?@LMI21K3�EG3�7uE*H23SFK:<;BA d EGF4?@: a
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min

{

fn

fn−1

¡ fn+1

fn

}

<
a

b
< max

{

fn

fn−1

¡ fn+1

fn

} a
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fn+1fn−1 − f2
n = 1 ≥ 0

¡�58:<;�E*H23�CG3�fp?@CG3@¡
fn+1

fn
≥ fn

fn−1

a�� HBA<7\¡
fn

fn−1

<
a

b
<

fn+1

fn
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� H236:t¡@f4CG?@L Ø 3�LML�5 � ¡8}�3£H@5��@3

b ≥ fn + fn−1 = fn+1
¡B587#;<367)F�CG38; a
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n
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fn+1

fn

<
a

b
<

fn

fn−1
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A1
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. . .

¡
Ak
¡
B1
¡
. . .

¡
Bk
¡
C1
¡
. . .

¡
Ck
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2

J23�FDE�7�FK:��@36C�7,3 a�b 1�1m7*AmJ27 d CGF�I@E�7#5�CG3 d ?@:27)FK;<36CG38;�L ?2;BA214?
k
a� ?�EG3�E*H@5�E�fp?@C

1 ≤ i < j ≤ k
¡/}�3�H@5\�@3 1

2
(i + j) 6≡ i (mod k)

58:<;
1
2
(i + j) 6≡ j (mod k)

a ��?@CG3�?��@36C,¡2fp?@C�5!�\F �@3�:
i
5�:<;

m 6≡ i (mod k)
¡@E*H23�CG33)É�FK7�EG7�5�A<:@F $BAm3

j 6≡ i (mod k)
7)A d HQE*H@5�E

m ≡ 1
2
(i + j) (mod k)

aÓ ?@C
1 ≤ i ≤ k

¡t}�3Mfp?@C�L¹E*H23�E�CGF�58:<�\1K3�7
AiBiCi �

fp?@C
1 ≤ i < j ≤ k

¡}�3Qfp?@CGLÕE*H23£E�CGF�58:<�\1K3�7
AiAjB 1

2 (i+j)

¡
BiBjC 1

2 (i+j)

¡¢5�:<;
CiCjA 1

2 (i+j)
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B
C

DD′

M

?
P QX Y

∠DMY = ∠MDD′ = ∠MD′D = ∠D′MX
a

Ò 3�}�F�1D1N:<?8}�I2CG?��@3ÈE*H@56E
∠MDY = ∠MD′X

a �6F�: d 3
ACBD

FK7~5 d = d 1�F d
$@A<58;2C�F�1�56EG3�C�561�¡

∠MDY = ∠CAB
a�Ò 3�}�FD1�1NH@5\�@3

∠CAB = ∠MD′X
FDf}�3 d 5�:�I<CG?6�@3�E*H@5�E

AD′MX
FK7�5�1�7,?�5 d = d 1�F d $@A<58;2C�F�1�56EG3�C�561 a �6FK: d 3

ACDD′FK7 d = d 1DF d ¡
∠D′AX + ∠MDD′ = 180◦ a �£?8}�3,�@36C,¡�}�3~H@5\�@3 5�1�CG3�58;�=ÈI2CG?��@3�;E*H@56E

∠MDD′ = ∠D′MX
¡�7,?£E*H@5�E

∠D′AX + ∠D′MX = 180◦ E�?2? a ��3�: d 3@¡
AD′MX

FK7�F�:<;<3�38; d = d 1�F d ¡@5�:<;�FDEUfp?B1�1K?8}£7uE*H@5�E
MX = MY

a
h¤����%2x���ys�#)5-��~��%#� a/� H23>56A@E*H2?@Ct}�?BA214;�1�FK�83#EG?SE*H@58:<�>E*H23>5�:<?@:�=2L�?BA<7�CG36fp36CG383�fp?@C7,?@L�3 d CGF�EGF d 5�1 d ?@L�L�3�:BE�7#5�:<;�A<7,3�fKA21¢CG3�fp3�CG36: d 367 a

����'H��$���%!���(7
� � 
 Ø2a Î 58:<�8?��O¡ � H23!��3\EG5�L ?@CGImH2?@7*FK7�?Bf<E*H23 Î A@E�EG3�C �@= � H238?@CG36L�¡ · � ��4½ · �(Ä1½

��� Ì ���� � Í �8��� Ù ����� a
� � 
 Ø2a Î 5�:<�8?��U¡U�8?B1�A@EGFK?@:r?Bf>0<CG?2J@1K3�L ���2� �@¡ µ � � � ��� µ ���y½�� · � ��4½
	�	 Ì ��� � � Í� � � a
� � 
 ��a �£?@:279J<36CG�63�C9¡ � H23 Î A@E�EG3�C �@= 0<CG?2J@1K3�L 5�:<; � E*H236C Ï 361DF d 5 d FK3�7Sf4CG?@L E*H23� ?2J@1K3 b CÊE�?Bf ��A d 1�FK;<3658:�MU38?@L�3�E�C{= � 0B58CÊE � ¡ � ¶ �1¼+� � ��� � ��� �H½ · � ��K½#¾#½ 	�Ì �8�� � Í � Ù  a Ì � ?BA<C�:2561m1�56EG3�C�CG3�:25�L 3�; � ��� �H½ · � ��4½�¾#½ Í
� � 
 ��a �£?@:279J<36CG�63�C9¡ � H23 Î A@E�EG3�C �@= 0<CG?2J@1K3�L 5�:<; � E*H236C Ï 361DF d 5 d FK3�7Sf4CG?@L E*H23� ?2J@1K3 b C�EN?Bf ��A d 1�FK;<3658:�M�3�?@L 3\E�C{= �±0B5�C�E � � ¡ � ¶ �1¼+� � ��� � ��� �y½ · � ��K½�¾#½

	� Ì ������ Í ���	� Ù ���# a Ì � ?BA<C�:2561m1�56EG3�C�CG3�:25�L 3�; � ��� �H½ · � ��4½�¾#½ Í
� � 
 Ø2a ��5�AB���3@¡ � H23 � 3�143�J2C�5�E�3�; Î A@E�EG3�C �@=!0<CG?2J@1K3�L�¡ � ��� � ��� � Ì ��� � � Í � Ù � a Ì � ?BA<C��:2561m1�56EG3�C�CG3�:25�L 3�; � � � � · � ��K½ Í

b :<;�= Ø FDAÏ 36I<5�C�E�L�3�:BE�?BfO�r5�E*H23�LM56EGF d 7� :@F��@36C�7)F�E�=�?Bf b 14J23�CÊEG5
�2;@L ?@:BEG?@:t¡ b Î ¡ � ��M � � �� 5�:25�;@5

al3@ualberta.ca
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«�v5eGe0j;rfqDm;oKqwv#g;i#¬;h10e�g;i5® ¯3g;oy��«�e�oAoIrfe�o1g;i�j|¯3g;o qsrsi±°�m0dwj�h�qfe&rsi|m��!qwv�et²1i�rf��e�oDhyrfqsktm��
¯Nm;i�qwoye&g0d5�fm;opqwoDg;i#hHd.g#qsrfm;i#h¤m���qwv5epx�oym#z�dfe�{|h0�

Ú ÃNÃ�¥ a ³ � � � � � � � ��
 �G¹ � � ��� � ��� ��� � � ��� � � � # � � � � ��� � � # · � � � �wÄ�� #X¸ # �A¹ � � � ��� 
 �Â ����� � � � � � �p·�Å� ¸ µ �Na
Ø 3�E

ABC
J23�5ÈE�CGF�58:<�\1K3 a Ø 3\E

S =
∑

 �  �% !  cos A

2

5�:<;
P =

∏

 �  �% !  cos A

2

a
0<CG?��@3NE*H@56E
Ì 5 Í S

P
≤ 2

√
3 max

{

sec
A

2

¡
sec

B

2

¡
sec

C

2

}

�

Ì J Í S

P
≥ 4 max

{

sec2 B − C

4

¡
sec2 A − B

4

¡
sec2 C − A

4

} a
Ú ÃNÃ Ñ a ³ � � � � � � � ��
 �G¹ � � ��� � ��� ��� � � ��� � � � # � � � � ��� � � # · � � � �wÄ�� #X¸ # �A¹ � � � ��� 
 �Â ����� � � � � � �p·�Å� ¸ µ �NaØ 3�E

α ∈ [0, 1]
58:<;�;236�<:<3

xn =

(

ζ(2) + · · · + ζ(n + 1)

n

)nα ¡
}�H23�CG3

ζ
FK7�E*H23 � F436L�5�:2: �63�E�5 Ó A<: d EGF4?@:t¡�;<3��m:<3�;!J�=

ζ(k) =
∞
∑

p=1

1

pk

a 0<CG?6�@3�E*H@5�E

lim
n→∞

xn =

{

1
¡ FDf

α ∈ [0, 1)
¡

e
¡ FDf

α = 1
a

Ú ÃNÃ�Ô a ³ � � � � � � ����
 · � ��	���
�´ � #�� � � � ´ � ���	��¹ � Ã � � � # ���2a
Ó ?@C

x ∈
(

0, π
2

) ¡@I<CG?6�@3SE*H@5�E
(n + 1)!

2
n
∏

k=2

(k + cos x)

≤
(

x

sin x

)n−1

≤
(

π

2

)n−1

· n!
n
∏

k=2

(k + cos x)

a
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Ú ÃNÃ�� a ³ � � � � � � ����
 · � ��	���
�´ � #�� � � � ´ � ���	��¹ � Ã � � � # ���2a
Ì 5 Í�Ø 3�E

x
58:<;

y
J23!Im?@7*FDEGF �@3!CG3�561/:@A<L J23�C�7\¡t58:<; 143\E

n
J<3!5�I<?@7)F�EGF��@3�FK:BEG38�636C a0<CG?��@3NE*H@5�E

(x + y)n
n
∑

k=0

1
(n

k

)

xn−kyk
≥ n + 1 + 2

n
∑

i=1

n−i
∑

k=0

(n
k

)

( n
k+i

) ≥ (n + 1)2
a

Ì J Í ? Ø 3�E
x1
¡
x2
¡
. . .

¡
xk
J23!I<?@7)F�EGF��@3QCG3�561/:@A<L�J<36C�7�¡¢58:<; 1K3�E

n
J<3!5!Im?@7*FDEGF �@3FK:BEG38�636C a Ï 3\E�36C�L�FK:<3SE*H23�LMF�:@FKL�A<L�B5�1DAm3�?Bf

(x1 + x2 + · · · + xk)n
∑

i1+···+ik=n

i1 � . . . � ik ≥ 0

i1!i2! · · · ik!

n!xi1
1 xi2

2 · · · xik

k

a

Ú Ã Ú Ä a ³ � � � � � � ����
 · � ��	���
�´ � #�� � � � ´ � ���	��¹ � Ã � � � # ���2a
Ø 3�E

a
¡
x
¡@5�:<;

y
J23£Im?@7*FDEGF �@3�CG365�1m:@A<L J23�C�7 a 0<CG?��@3NE*H@56E

(

xa+1 + x + y
)(

ya+1 + y + x
)(

xa+1 + (xa + 1)y
)(

ya+1 + (ya + 1)x
)

≥ (xy)a
(

x +
√

xy + y
)4 a

Ú Ã Ú�Ç ? a ³ � � � � � � ����
 Å Ä #�� � ��� � � � ��� � � � # � ��� ��� � # ��� � ��� ��� � � ���!�<a
Ì 5 Í�b �m3�5�1�F �@3�7>?@:ME*H23QCG3�561�:@A<L�J<36C�1DFK:<3Q5�EuE*H23Q:@A<L J23�C

1
a.� :<3��m:<3!;@5�=FDE#;<3 d F4;23�7#EG?ME�5��83Q5�:

n Ù ;25\=M�B5 d 5�EGF4?@: a&� :ME*H23Q�<C�7*E#;@5�=�FDE�Ö4A<LMI<7�fp?@CÊ}£5�CG;�?@:<3A<:@FDE�1�58:<;BFK:<�!5�E#E*H23�:@A<L J23�C
2
a�� H236CG3�56f�E�36C,¡tfp?@C�E*H23MCG36L�56FK:@F�:<�

n − 1
;25\=27\¡tF�EÖ4A<L�I27ufp?@C�}£58CG;�5S:@A<L J23�CU?Bf2A<:@FDE�7�?Bf2F�EG7 d H2?BF d 3@¡8587U14?@:<��5�7UE*H23N:@A<L�J<36C�?Bf2A<:@F�EG7FK7�5�I2CG?@Im36CS;BF��BFK79?@CN?BfOE*H23M:@A<L J23�C>F�E>F�7 d A<CGCG3�:BEG1 =~�@F�7)F�EGFK:<� aQb 795�L�I@143
11 Ù ;25\=�B5 d 56EGFK?@:�FK7

1
¡
2
¡
3
¡
4
¡
6
¡
9
¡
12
¡
15
¡
20
¡
30
¡
45
¡
60
a

Ò H@56EuF�7�E*H23�fKA<C�E*H2367*E�5\}£5�=�f4CG?@LÕH2?@L 3SE*H23��m3�5 d 58: �63\E�;BA<CGF�:<��F�EG7
n Ù ;25\=�B5 d 56EGFK?@: × � ?�E�3�E*H@56E�E*H23 11Ù ;@5�=��B5 d 5�EGF4?@:�58J<?6�@3M;2?23�7N:<?�E>�63�E�E*H23 �¢365�587>f458C587�Im?@7)7)FKJ@1K3

�
H236CG3�F�7#?@:<3SE*H@5�E��63�E�7�E*H23 �¢365£fKA<CÊE*H23�C �

1
¡
2
¡
3
¡
4
¡
6
¡
9
¡
12
¡
18
¡
27
¡
36
¡
54
¡
81
a

Ì J Í �6A<I<I<?@7,3!E*H23 �m3�5Q}�FK79H23�7NEG? �BFK7*FDE,¡tA<:<;<36C�E*H23M795�L 3MC�A214367�587SF�: Ì 5 Í ¡�5d 36C�E�5�F�:~:@A<L J23�C
n
a�Ò H@56E�F�7#E*H23�1436587�E�:@A<L J23�C9¡

V (n)
¡t?Bf¢�B5 d 56EGFK?@:�;@5�=@7�FDE�}�F�1D1:<383�;>E�?N�63�EmE*H236CG3 × Ó ?@Ct3*É�58LMI21K3@¡6H23�CG3uFK7/5�7 d H236L 3�E�?N�63�EmE*H23 �¢365�EG?�E*H23�:@A<L J23�C

100
F�:

13
;25\=27��

1
¡
2
¡
3
¡
4
¡
6
¡
9
¡
12
¡
18
¡
27
¡
36
¡
54
¡
72
¡
96
¡
100

a
Ú Ã Ú Ã a ³ � � � � � � ����
 	}½ � � ��# �!� �wº���� � � � � � � � �"��# � � � � 	 � ��� � � a

Ø 3�E
P
J<3�5 Im?BF�:BENF�:�E*H23�F�:BE�36CGFK?@CS?Bf

∠QOR
a�Ó FK:<;�E*H23 7938��L�3�:BE

AB
?BfLMF�:@FKL�A<L 1436:<�WE*H�}�HBF d H d ?@:BE�5�F�:27

P
}�FDE*H

A
?@: E*H23�C�5\=

OQ
58:<;

B
?@:�E*H23C�5�=

OR
a



� ���

Ú Ã ÚNÚ a ³ � � � � � � ����
 	}½ � � ��# �!� �wº���� � � � � � � � �"��# � � � � 	 � ��� � � a
Ø 3�E

A1A2A3
J23!5�E�CGF�58:<�\1K3@¡¢5�:<; 143\E

P
J<3Q58: FK:BEG3�C�F4?@C�Im?BF�:BE aN� H23 d 3,�@F�58:

AiP
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∆ = [A1A2A3]
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∆1 + ∆2 + ∆3 = 1
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=

CB1

B1A
=

AC1
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α = AA1
¡
β = BB1

¡
γ = CC1
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λ =

k2 + k + 1

(k + 1)2
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Ì 5 Í
α2 + β2 + γ2 = λ(a2 + b2 + c2) �Ì J Í
α2β2 + β2γ2 + γ2α2 = λ2

(

a2b2 + b2c2 + c2a2
)

�Ì d�Í
α4 + β4 + γ4 = λ2

(

a4 + b4 + c4
) a
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a
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1

b
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1
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a

b
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b

c
+

c

a
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24n
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a �8?BFDE

S =
∑

 �  �% !
���
� cos A

2

3�E
P =

∏

 �  �% !
���
� cos A

2

a
��?@:BE�CG3�C $BAm3
Ì 5 Í S

P
≤ 2

√
3 max

{

sec
A

2

¡
sec

B

2

¡
sec

C

2

}

�

Ì J Í S

P
≥ 4 max

{

sec2 B − C

4

¡
sec2 A − B

4

¡
sec2 C − A

4

} a
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α ∈ [0, 1]
a � :�;��3��m:@F�E

xn =

(

ζ(2) + · · · + ζ(n + 1)

n

)nα ¡
?, A

ζ
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ζ(k) =
∞
∑

p=1

1

pk

a ��?@:BE�CG36C $BAm3

lim
n→∞

xn =

{

1
¡ 7*F

α ∈ [0, 1)
¡

e
¡ 7*F

α = 1
a
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x ∈
(

0, π
2

) ¡@L�?@:BE�CG3�C $BAm3
(n + 1)!

2
n
∏

k=2

(k + cos x)

≤
(

x

sin x

)n−1

≤
(

π

2

)n−1

· n!
n
∏

k=2

(k + cos x)

a
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(x + y)n
n
∑

k=0

1
(n

k

)

xn−kyk
≥ n + 1 + 2

n
∑

i=1

n−i
∑

k=0

(n
k

)

( n
k+i

) ≥ (n + 1)2
a
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¡
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¡
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(x1 + x2 + · · · + xk)n
∑

i1+···+ik=n

i1 � . . . � ik ≥ 0

i1!i2! · · · ik!

n!xi1
1 xi2

2 · · · xik

k
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(

xa+1 + x + y
)(

ya+1 + y + x
)(

xa+1 + (xa + 1)y
)(

ya+1 + (ya + 1)x
)

≥ (xy)a
(

x +
√

xy + y
)4 a
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1 ≤ i ≤ 3
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∆1 = [PA2A′

1]
¡

∆2 = [PA3A′
2]
¡

∆3 = [PA1A′
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3\E

∆ = [A1A2A3]
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∆1 +∆2 +∆3 = 1
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¡
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AB
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ABC
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BA1

A1C
=

CB1

B1A
=

AC1

C1B
= k

a
�8?BFDE

α = AA1
¡
β = BB1

¡
γ = CC1

3�E
λ =

k2 + k + 1

(k + 1)2
a ��?@:BE�CG36C $BAm3

Ì 5 Í
α2 + β2 + γ2 = λ(a2 + b2 + c2) �Ì J Í
α2β2 + β2γ2 + γ2α2 = λ2

(

a2b2 + b2c2 + c2a2
)

�Ì d�Í
α4 + β4 + γ4 = λ2

(

a4 + b4 + c4
) a
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a + b + c +

1

a
+

1

b
+

1
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≤ 3 +

a

b
+

b

c
+

c

a

a
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+
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;23�:<?�EG3#E*H23#1K3�:<�WE*H@7�?Bf�E*H23>L�38;BFK5�:t¡6E*H23�561DEGF�EGAm;<3B¡85�:<;E*H23>F�:BE�36C�:2561@58:<�\1K3NJ@F�7,3 d E�?@C9¡8CG3�I<3 d EGF �@361 =t¡6EG?�7*F4;23

a
F�: 4ABC

a Ï 36�<:<3
mb
¡
mc
¡

hb
¡
hc
¡
wb
¡@5�:<;

wc
7*FKL�F�1�58C�1�= a�Ø 3\E

R
J23 d F�C d A<L�C�58;@FDA<7�?Bf 4ABC

a
Ì 5 Í �8H2?8}�E*H@5�E

∑

 �  �% !  
b2 + c2

ma
≤ 12R

a
Ì J Í �8H2?8}�E*H@5�E

∑

 �  �% !  
b2 + c2

ha
≥ 12R

a
Ì d�Í

?
Ï 3\E�36C�L�FK:<3NE*H23£C�5�:<�63�?Bf

1

R

∑

 �  �% !  
b2 + c2

wa

a

µ ����� �!�"��# ��
 � ½DÃ¤½K³ � ��# � � � � � ��� �}Å #�� �!� # Å # � �!� � � � � ��º µ ��� � #�� � � ´�� #�Ä ��� ��� � �9Å # � ��� �
� ��� � � � ����
��� ��� � � � ���Wa

Ì 5 ÍSØ 3\E#E*H23�L 3�;@F�58:~E*H@CG?BAm�6H
A
L 3�3�E

BC
5�E�F�EG7SL�F4;2�)I<?BFK:BE

D
5�:<;�L�383\EE*H23 d FKC d A<L d FKC d 1K3�?Bf/E�C�FK5�:<�\143

ABC
56E�E*H23!Im?BF�:BE

K
¡¢5�7N79H2?8}£:~F�:�E*H23�;@F�5���C�5�L aÎ = b I<?B1�1K?@:@F�A<7 � � H23�?@CG3�L�¡

b2 + c2 = 2(AD2 + BD2)

= 2(AD2 + BD · DC)

= 2(AD2 + AD · DK)

= 2AD · (AD + DK)

= 2ma · AK

≤ 2ma · 2R = 4Rma
a
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A

B C
D

K

a

bc

� HBA<7\¡ b2 + c2

ma
≤ 4R �

}�H23�: d 3@¡ ∑ �  �% !  b2 + c2

ma
≤ 3(4R) = 12R

a



� � �

Ì J Í �6FK: d 3
ha =

2[ABC]

a

5�:<;
R =

abc

4[ABC]

¡8}�3£?2JBE�5�F�:
b2 + c2

ha
= 4R

(

b2 + c2

2bc

)

≥ 4R
¡

}�HBF d H!FKLMI21DF4367uE*H@5�E ∑ �  �% !  b2 + c2

ha
≥ 3(4R) = 12R

a
Ì d�Í�Ø 3�E

sw =
1

R

∑

 �  �% !  b
2 + c2

wa

a�Ò 3U}�FD1�16I<CG?6�@3uE*H@5�EmE*H23�C�58:<�63�?Bf
sw
FK7

(4, ∞)
a

� 7)F�:<�>E*H23�fp?@CGLMA21�5
wa =

2bc

b + c
· cos

A

2

¡8}�3£?2JBE�5�F�:
b2 + c2

Rwa

=
b + c

R cos
A

2

(

b2 + c2

2bc

)

≥ b + c

R cos
A

2

a
�6FK: d 3

b = 2R sin B
5�:<;

c = 2R sin C
Ì J�=�E*H23�3)É6E�36:<;<3�; Ø 5\}&?Bft�6F�:<3�7 Í ¡6}�3��63�E

b2 + c2

Rwa
≥ 2(sin B + sin C)

cos
A

2

=
4 sin

B + C

2
cos

B − C

2

cos
A

2

= 4 cos
B − C

2

a
�£36: d 3B¡

sw ≥ 4
∑

 �  �% !  cos
B − C

2

a
�6FK: d 3

cos x ≥ 1 − 2x/π
fp?@C

0 ≤ x ≤ π/2
¡8}�3�H@5\�@3

∑

 �  �% !  cos
B − C

2
=

∑

 �  �% !  cos
|B − C|

2
≥

∑

 �  �% !  
(

1 − 1

π
|B − C|

) a
Ò FDE*H2?BA@E�1K?@797�?Bf��63�:<36C�5�1DFDE{=t¡@5�797*A<L 3NE*H@5�E

C ≤ B ≤ A
a�� H23�:

∑

 �  �% !  cos
B − C

2
≥ 3 − 1

π
(B − C − C + A + A − B)

= 3 − 2

π
(A − C) > 3 − 2

π
π = 1

a
� HBA<7

sw > 4
a� 58�8F�:<�
a = 2

58:<;
b = c = x + 1

¡8}�H23�CG3
x ∈ (0, ∞)

¡8}�3£?2JBE�5�F�:
sw = 4 +

(x2 + 2x + 5)(x + 3)
√

2x

(x + 1)
5
2

a
� HBF�7�F�7�5 d ?@:BEGFK:@Am?BA<7ufKA<: d EGF4?@:M?Bf

x
?@:

(0, ∞)
58:<;MH@5�7uE*H23N1�F�LMF�EG7

4
58:<; ∞ 5�7

xE�36:<;27�EG?
0
5�:<; ∞ ¡@CG3�7)Im3 d EGF��@3�1�= a�� H236CG36fp?@CG3B¡BE*H23�C�58:<�63�?Bf

sw
FK7

(4, ∞)
a

'D� ��� �����	����
 8� ',3&0�',- � '���9 4 )�"$� ���$���*4 F$'&4 ? )�'
(
!#"$� � ��� ���."$�,
�� ���

)
=	�)��+��02� 9

'E3:)���'(+(' /26 �F�4J?5��<1�$��� �N<7�1��� �,)$"�� "�
N� ����4/)$"�� "�
N� ����4 �:�$����< " "$�,
 %1����*�)�����*< ��"
(
!#"$� � ��� ���/"$�,
�� ���

)
=

� 6OF#%1� � ��'E9�',6������$4 32��������4 �$� "$�#MN�
(
!#"�� � ��� ��� "$�,
�� ���

)
= ��3�'(+�F#6L)�F5C �:� ����C,9 3DCD)*'E-PC:4



� � �

6NK �&K �>GA< � <L� �����O� "$� < 4�B�"�� � "�
���� <1
$42)�!#"�< �
(
!#"�� � � � ���&"$�,
 � ���

)
=���',+ ?2� � �:��+16�9>C:4 �C&)�F$',3 F#6 ' ?23&3&6 4

"$�,
��0� 6���6OC ����32+ �'(+1-/�>@�4 ��� ��������5��4�) !#" < �
(
!#"�� � � � ���L4 � ���L4&"$�,
 � � �

)
=E-/3�' /&C �)��?���� 6���C �)��#B 6 �F

"$�,
(/DK�� 6��*',+�C&B�'EF�4�)���� 8$< "
(
!#"�� � � ��� �$��� �

)
= B ��-�? ��' +�K���?23(9��4�-/���$��� 4 $�'D42? )�'

(
!#"�� � � � ����"���


� ���
)
=+��C(�+��)�F#% ��C&)0�:��3�/#4 �#"���N<	
��*4:+(��4E? )�'

(
!#"$� � � �����$��� �

)
=�$ �59���3 �2K AC,C:4���<7��� " ?5��<1�$��� �N<7�1� 4

�$"(� < � "�
>"�42F$'&4,? )�'
(
!#"�� � � � ���:"$�,
 � ���

)
= ��6#@>%�CP?54 $#���  F#�$GJG �$��<L� �AF#��� �7�)���*4 P< �#� ���(%/"0������4 �+� 4

?:)*'
(
!#"�� � � � ��� "$�,
 � ���

)
=�"$�,
A�1##�(!#��� !:�$�����

(
!#"�� � � � ��� "$�,
 � ���

)
K,9 #5����� �P�����," � �����1#����$�(< �#MN�$G�!��7�$� �

����� ��� <7�$���/� �P!#"�� � � � ��� �2� #5�,!#����8$�7��G�K
$�� "$�#����"�M�#�"���� �(����� ��� <7�$� MO�$�5� "�< �5��
����$G �E"0
+
$<7� <7�$��" � 
��$� "�< � ��#�<7M�# #�"��(�5���28��$����< �#M �L�0
���
 < �

�1##��G �0
$< � ��
 ����� �N<L�$� "�8�������KJ%��P!#�����$��
 � #�"��,� #5�1� "$�����J� ���1##��� ��G 1
R

∑ �  �% !  b2+c2

ha

< � !#"$� � � ����< �
(0, 12]

"���
J�1##�/� "��0���1� � 1
R

∑ �  �% !  b2+c2

wa

< ��!#"$� � � ���:< �
[12, ∞)

K

���
	�����������������������������! �"$#�%�%�&�"�'�&�(�����������)���)��!)����+*-,!.0/+12/�3�4�5�6�798�:;5�4�<;/�3>=�:
?!@�AB@�C�D�EFD+GIHBD�J : GIK :ML @�G�NOD 1 D�J 

P &Q'
D R &TS�U�VXW!#�YZU�'[#�U\'$]^&9_0YM(�& BC

#�`a'b%�YZS�U�c�dM&
ABC

 P &Q'
Γ1

S�U�(
Γ2R &�'$]^&�YMU�"bYZ%�"bde&+_�#�` 4ABD

S�U�(
4ACD

��%�&�_0W!&�"�'�Ygf�&QdgVh P &Q'
` R &�'$]^&i"b#�j�j�#�U&0k+'b&+%bU^S+dB'lS�U�c+&+U�'m'b#

Γ1

S�U�(
Γ2 n ]�YM"0]TYZ_�(�YZoh&�%�&+U�'p`e%�#�j BC

�qr`
P
YZ_�'$]^&
W!#�YZU�'#�`BYMU�'�&�%l_>&�"�'�YM#�U�#�`

AD
S�U�(

`
��_>]^# n '$]�S+'

2AP = AB + AC − BC


s /�t @ <M:u/ J 6�7TvQ:�w�=B/ @�G ,!/�t A\x /�y�y @�J :z<e7 x /�t{t;4 C 4 G�| : J <u4Q.�8 D�} 4 J�GI? v GF~ s�� 
�+� W�W�#�_O&�'$]�SQ'

Γ1

YM_�'lS�U�c+&+U�'�'b#
BC

�
AB

�
`
�^S�U�(

AD
�^S+'

E
�
G
�
I
�^S�U�(

K
�Q%�&�_0W!&�"�'�Ygf�&QdgVB�+S�U�(['$]�SQ'

Γ2

YZ_h'lS�U�c+&+U�''b#
BC

�
AC

�
`
�hS�U�(

AD
�aSQ'

F
�
H
�
J
�S�U�(

L
��%�&�_0W!&�"�'�Ygf�&QdgVh2��]^&+U��

AB + AC − BC

= AG + AH − EF

= AK + AL − IJ

= 2AP + PK + PL − PI − PJ

= 2AP
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¤¾���� #�¼�´ � �	� �lÃ�� � � � � · 	��� ��� � � � ¸ # �A¹ � � � � � ���� � � � � ����� ��� � � � � � � ����� ��� � � � µ � � �!#/aØ 3�E
H
J23�E*H23�fp?2?�E!?Bf�E*H23�561DEGF�EGAm;<3�f4CG?@L

A
E�?

BC
¡�}�H236CG3

BC
F�7!E*H2314?@:<�6367*E>7*F4;23�?Bf 4ABC

a~Ø 3�E
R
¡
R1
¡/5�:<;

R2
J23!E*H23 d FKC d A<LMC�5�;BF�FU?Bf 4ABC

¡
4ABH

¡258:<; 4ACH
¡2CG3679I<3 d EGF �@361 = a �6FKL�F�1�58C�1�=¢¡@143\E

r
¡
r1
¡
r2
J23�E*H23£F�:2C�5�;BF�Ft?BfE*H23�793SE�C�FK5�:<�\14367 a 0<CG?6�@3SE*H@5�E

Ì 5 Í
R2

1+R2
2−R2 F�7OI<?@7)F�EGF��@3B¡6:<3���56EGF �@3@¡�?@C �)3�CG?S5 d*d ?@CG;@F�:<��5�7�58:<�\1K3 A

F�7O5 d A@E�3B¡?2JBEGA<793@¡@?@CuC�F4�6H�E*�*58:<�\1K38; a
Ì J Í

r2
1 +r2

2 −r2 F�7OIm?@7*FDEGF �@3@¡6:<38��5�EGF��@3B¡�?@C �)36CG?�5 d�d ?@CG;BFK:<��587O58:<�\1K3 A
FK7U?2J�EGA<7,3B¡5 d A@EG3@¡2?@C�C�F4�6H�E*�*58:<�\1K38; a

µ ����� �!�"��# ��
 · � � � � �p´�� ����� � � � � Ã � � � # ��� � � #�� � aÌ 5 Í�Ø 3\E
∆ = R2

1 + R2
2 − R2

a �6F�: d 3
ABH

58:<;
ACH

5�CG3SCGFK�6H�EOE�CGF�58:<�\1K3�7\¡}�3 H@5\�@3
R1 = 1

2
c = R sin C

58:<;
R2 = 1

2
b = R sin B

Ì A<7*FK:<�QE*H23Mf458L�F�1DFK5�C:<?�EG5�EGF4?@:�fp?@C 4ABC
Í9a�� H23�:

∆ = R2(sin2 C + sin2 B − 1) = R2(sin2 B − cos2 C)

= R2
(

sin B − sin
(

π
2

− C
)) (

sin B + sin
(

π
2

− C
))

.

� 7)F�:<�£E*H23�F4;23�:BEGF�E�=
(sin α − sin β)(sin α + sin β) = sin(α − β) sin(α + β)

¡}�3�?2J�EG56FK:
∆ = R2 sin

(

B + C − π
2

)

sin
(

B − C + π
2

)

= R2 cos A cos(B − C)
a

�6FK: d 3
A
FK7�E*H23 1K5�CG�63�7�E�58:<�\1K3�?Bf 4ABC

¡U58:<�\1K3�7
B
58:<;

C
5�CG3~5 d A@EG3

�
H23�: d 3@¡

cos(B −C) > 0
a/� HBA<7�¡

∆
H@5�7OE*H23>7)58L�3>7*F4��:�5�7

cos A
¡858:<;�E*H23>CG367)A21�E/fp?B1�1K?8}£7 a

Ì J Í>Ø 3�E
δ = r2

1 + r2
2 − r2 58:<; h = AH

a �6F�: d 3£E*H23QF�:2C�5�;BF�A<7N3�$BA<5�1�7�E*H237,36LMF�Im36CGF�L 3\E�36CuL�FK:@A<7uE*H23�H8=2I<?�E�36:@A<7,3�fp?@C�C�F4�6H�EUE�CGF�58:<�\1K3�7\¡8}�3 d 561 d A21�56EG3
δ = 1

4
(h + HB − c)2 + 1

4
(h + HC − b)2 − r2 a

�6FK: d 3
H
FK7UJ<3\EÊ}�3836:

B
58:<;

C
¡\}�3�H@5��@3

HB+HC = a
atb 1�7,?¢¡

HB = c cos B
¡

HC = b cos C
¡B58:<;

2h2 + HB2 + HC2 = b2 + c2 �
H236: d 3B¡

δ = 1
2
b2(1 − cos C) + 1

2
c2(1 − cos B) − 1

2
h(b + c − a) − r2 a

� ?�EGF�:<�NE*H@5�E
h =

bc sin A

a
=

bc

2R

58:<;�A<7*FK:<�>E*H23 Ø 5\} ?Bft�6FK:<367�¡8}�3£?2JBE�5�F�:
δ = 2R2 sin2 B(1 − cos C) + 2R2 sin2 C(1 − cos B)

− 2R2 sin B sin C(sin B + sin C − sin A) − r2 a
� ?8}�¡BA<7*FK:<�>E*H23SA<7)A<561tH@561�fp�*58:<�\1K3�fp?@CGLMA21�587\¡@5�1K?@:<��}�F�E*HQE*H23�FK;<36:BEGFDE{=

sin B + sin C − sin A = 4 cos 1
2
A sin 1

2
B sin 1

2
C



� �6�

58:<;!E*H23£��:<?8}£:MCG361�56EGFK?@:
r = 4R sin 1

2
A sin 1

2
B sin 1

2
C
¡�}�3�?2J�EG56FK:

δ = 16R2 sin2 1
2
B sin2 1

2
C
(

cos2 1
2
B + cos2 1

2
C

− 2 cos 1
2
A cos 1

2
B cos 1

2
C − sin2 1

2
A
)

= 8R2 sin2 1
2
B sin2 1

2
C
(

1 + cos A + cos B + cos C

− 4 cos 1
2
A cos 1

2
B cos 1

2
C
)

= 8R2 sin2 1
2
B sin2 1

2
C
(

1 + cos A + cos B + cos C

− (sin A + sin B + sin C)
) a

� HBA<7\¡
δ
H@587uE*H23£7)58L�3�7)FK��:M587

δ′ = (1 + cos A − sin A) + (cos B + cos C) − (sin B + sin C)
a

Î A@E
δ′ = 2 cos 1

2
A
(

cos 1
2
A − sin 1

2
A
)

+ 2 cos
(

1
2
(B − C)

) (

sin 1
2
A − cos 1

2
A
)

= 4
(

sin 1
2
A − cos 1

2
A
)

sin
(

π
4

− 1
2
C
)

sin
(

π
4

− 1
2
B
)

H@587uE*H23£7)58L�3£7*F4��:M5�7
sin 1

2
A − cos 1

2
A
a�� H23�CG3�7*A21DE�fp?B1D14?8}£7 a

'D� ���������	����
 8� F#%16�$ F&?23(9�67)�4 � < ��������� <,)������1##���O� )�� "�� � ?5��<1�$��� �N<7�1� 4 � � !�� < ��4 �.C24A?:)*'&=
'�$:C&)#9>C ��67) 0�K(-/�+� 67)�4 B�"��&��"  ��*<7� %/< ��# )�M�#5����� 4,'E� #5�����N4(/5���$�$MN� =���C(% + /DK(%��:?DB ��354 /5� "$�,
��
$�� "�< � <L�*4/'���= ��C(�+� )�F#% ��C&)0�:��3�/#4(�#"��$�N<1
��*4�+(��4 ? )�'

(
!#"$� � � ���J�$��� �

)
= $ � 9>��3 �2K JC(C24(��<7��� "

? ��<	����� �N<L� ��4 ��"�� < � "0
>" 4&F$'D4(?:)*'&=#"$�,
 � #5�(!#��� !:�$������K
67��!#"�� � � ����� �2� #5�/�����L��� <L�$�A"�8������*4 �#"�� "�< � �7�1�$�����/� #5� �7� < ���$�#�$G �$�7� <7M2<1
����5� <L� �

(sin α − sin β)(sin α + sin β) = sin(α − β) sin(α + β) �
��#�<7M�# < �E�5� � � � �1#�< �P��
$<L�L�$��K $#���!#�"�!#���P� �&##�����1
A�5�����L�*� �2�����(���O��
����5� �E"�8��������1#�< �P�$�5�*4 �L�����D� #5�"�

��$G�! � � �1##��MN�$�#M �L�$�N<7�$� � #�"����1##�����P< �E" �$��<	����� ��"�� 
$< ���7� <78���� <	���P� "��

sin(α + β) = sin α + sin β"�� �P�$�! ##������KD�+
(�#"$� 8���"�� #�"��DGJ"0
��(�N< GA< � "$�D��8>�����&�*"�� <L�$���D"�8������ �1#�< �2<1
����5� <L� �E< ������� � � ��� ��� � �	� ��
 � ��	������ � ��� � � 4 � "�� #5��GJ"�� <7M " ��'D������M < "�� <L�$� � ��'DG ��� <LML"�4����	���*4�!#" �������	��������K
9 #����$� � �/�1##� �����1�$��� � 
���
���MN��
 �1#�"��

δ′ � < � �1##� �#��� "�� <7�$� � �P� #5� � ��"�� �$����
 �����L��� <L�$� "�8��������
��"�� < � �5���

δ′ = (2R + r − s)/R
"$�,
 � #5��� ��8�� "�< �5��
��1##� 
����N< ����
 MN�$���5�$MN� <7�$� 8��$� �P�$��� �1##�A�N< �*�

� �2"$�����7�
A

"���
 � #5�1�N< �$��� �
δ′ 8��"A� � <L� "�8$�7� ����� �������5MO�	�E%��>���$���/� ��!#" �������	� � ��� �"! #$!�% � &(')� ��*�+ �-,���& �.��! � 32�$MN���#� '�
+�*"$�#MN���5< �(/2�$�$G �$�7� <7M 6 �5�$;���"�� <L� <L��� �./ � 01
 �.'�2�� �	 ����� �43 0 �1� � �65���')� �.7�8�9	8	: = �*"��5�����D�L�

<L�L��G<;�;�K �$=(< �>�)?@!�AB* &)&(�.� � �C& ���D! � /2�$�$G �$� � <LMD67�#�$;��$" � <7� <7��� �	E *�� &���')�6FCG *�* '  5 *�H 3 0 �1�D! �1I ' *1� � �$J � � �7	8	K�8�: =#"$�,
 32�$G �����A�L�P!#����8$�L��G<;���L�LM� 7�8�9�N�O�P	9	8�Q�7	8	9�R�O�7	P.S�T�7�P	N�: K

���
	VU� ,!.$/+12/�3Q4�5È6�7 HXW(YMW s W s D 3+<r.�7 G�ZBD�J^C�D tu/�.04 G�[rJ 5�: D 
quU9'b%�YZS�U�c�dM&

ABC
� n &
]�S�f�& AB = AC = 5

�
BC = 6

 P &�'
E R &�S
W!#�YZU�'#�U

AC
S�U�(

F
SiW�#�YMU�'�#�U

AB
_ � "0]T'$]�S+'

BE = CF
�
∠EBC 6= ∠FCB

�!S�U�(
sin θ = 5/13

� n ]^&+%�& θ = ∠EBC
 P &Q'

H R &Ç'$]^&
W�#�YMU�'�#�`BYMU�'�&�%l_>&�"�'�YM#�UÈ#�` BES�U�(
CF

��S�U�(9de&�'
K R &['$]^&�W�#�YMU�'p#�U BC

_ � "0]¡'$]�SQ'
HK ⊥ BC


\ YZU�(i'$]^&ÃdM&�U�c�'$]T#�`

HK


s /�t @ <M:u/ J 6�7 Y /�7 ZBD .O6 D . D�GF~aJ : } 4�.l3$:z<e79/�L Z 4�:M. @ < G�Z 4�:M. @ < G v�4�6 D�J / J 
P &Q'

F ′ R &Ç'$]^&�jTYZ%b%�#�%ºYMjTS�c+&
#�` F
YZU9'$]^&�S�dg'�Y{' � (^&Ç'b#

BC
'$]�%�# � c+]

A
 P &�'

µ = ∠FCB
�
ω = ∠ACB

�
α = ∠AEB

��S�U�(
β = ∠EBF ′

 � YMU�"b&
θ 6= µ

� n &]�SQf�&
F ′ 6= E

�]�#�'b&['$]�S+'
4BEF ′

YZ_pYM_>#�_O"b&+dM&�_���_$YMU�"b&
BF ′ = CF = BE
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α

Ó CG?@L
sin θ = 5/13

5�:<;
cos ω = 3/5

¡O}�3�?2J�EG56FK:
tan θ = 5/12

58:<;
tan ω = 4/3

a!Ò 3�H@5\�@3
α = θ + ω

a!� HBA<7\¡
tan α = tan(θ + ω) = 63/16

a�6FK: d 3
tan α > 0

¡<}�3!79383£E*H@56E
α
F�7N5�:�5 d A@EG3!58:<�\1K3 aS� HBA<7�¡

E
1DF4367NJ<3\EÊ}�3836:

F ′58:<;
C
Ì 7*FK: d 3 4BEF ′ FK7uFK79?@7 d 361K3�7 Í9a ��3�: d 3@¡ µ = ∠FCB = ∠F ′BC = β + θ

a� 3*É�E,¡�7)F�: d 3
β + 2α = π

Ì 7*A<L�L�FK:<��E*H23N58:<�\1K3�7uF�: 4BEF ′ Í ¡6}�3 d 5�1 d A21K5�E�3
tan β = tan(π − 2α) = − tan(2α) =

2016

3713

a
Ò 3SE*H236: ;238;BA d 3SE*H@5�E

tan µ = tan(β + θ) =
253

204

a
�6FK: d 3

tan θ =
HK

BK

¡
tan µ =

HK

KC

¡@58:<;
BK + KC = BC = 6

¡8}�3�?2J�EG56FK:
HK =

6 tan θ tan µ

tan θ + tan µ
=

1265

676

a
'D� ��� �����	����
 8� �)�� ��0&�59�'E3:)���'(+(' /26 �F�4 ?5��<1�$��� �N<7�1� � ��)�"$� " 
N� �$��4 )�"$� " 
N� �$��4 �:�$����< " "���


%�����*�)������< ��"�=�� 6 F#%��+� ��'E9�',6������$4J32��������4 �>� "��5MO� = F#%�6�$ F&?23(9�67)�4 � < �������$� <1)������1##���O� )�� "�� �
? ��<	����� �N<L� ��4 � � !�� < ��4��.C24�? )�'2=E3&6OF#%('E3&- 6OK�%1��)$)�4E35"��5M�#5��$�" �L�$�JB5���&
����N4PF$'&4�?:)*'&= E'���9�%1��3
�N'(+�C ? )�4 ?5�O� ��� < �#���0���$GJ��"$�N<L�$GA4�67������8>�*��M� $4/'/�����7� < " = /2��C �0��3&� � '/K/0>',+1-:'�����4 %P"�G 
�����4JF59 4
?:)*'&=/B �'/F,�*'�B.02CD+1� �F�+ ���4.��< ��35" !�<1
>�N4.� 6 4�? )�'2=19�',6OF#%16 ��'E��0�'�/'&419*"� $"�� � �� $</F�<7�1� 4 C&��"  >" 4
�*"�!#"$�>= � 6OF#%('E�+� $�'E3 � ��+A9���354 � ��G �$� < "��E? ��<	����� �N<L� � � �D+1� � � ������
$� "$�,
$4D)��OK�����#���� �N4�+ � = �$C�� �
)�F#% ��C&)0�:��3�/#4 �#"���N<	
��*4 +(��4�?:)*'&= �2C � )���3&02�,��4 ���$�$��< " 4:+ ��4(?:)*'&= - K �>K�)� ����+1054�@ " �L� 8��$GJG �*� 4
�1##�E+1�$�1##��� � "���
>�O=�$ �59���3��2K JC(C24���<7��� "J? ��<	����� �N<L� ��4,��" � < � "0
>" 4:F$'&4D?:)*'&=�"���
��1##�D!#��� !:�$������KDC,���
�����	����� � � ������
�GJ"�� � 
$< �2�������5� �,"��$�/�L� ���$�2� �A� #5�E����� ��� <7�$�:KE9 �P�1� ��8>GA< ���N<L�$�����P�����,< �#MN�$�O���$MN�NK

02�$�#� �M ���� MN�$GJG ���#� ��
 �1#�"���#5� ����!:�$M��L��
�"�� ��<7MN������"$�����P����"$�,
 "$�& ���
���#�"�� � #5���*"��L��� � �
tan θ

�P��� �	
 #�"0��� � ��8��P� �.���$�
HK = 2

K,9 #�< �,��
$<L�L�$�&"��& �� ��##�$�1##���(� #5�����,"����E"�� �/!#" < � �,� ���O��<LMO���
� ��G 8���� � � �$�

HK
"$�,


tan θ
4#�7��"0�*< ���A� #5�EG ��"$��< ���A� �	�O��<LMO���E�L�A���$�D����"0
���� ��K

���
	�
�[�l�������T����������������*i,!.0/+12/�3�4�5È6�7 HXW(YMW s W s D 3Q<r.b7 G�ZBD�J�C�D t;/�.$4 G�[uJ 5�: D 
quU

4ABC
�+'$]^&[S�(�rS�"$&+U�'�YZU�'b&+%bU^S+d�'b%lYM_>&�"�'�#�%l_m#�`�'$]^&[S�U�c�de&+_

B
S�U�(

C
j�&�&�'S+'�'$]^&ÈW�#�YMU�'

P
�2S�U�(X'$]^&ÈS�(�rS�"$&+U�'[YMU�'�&�%�U^S�d2'b%lYM_>&�"�'�#�%l_
#�`�'$]^&ÈS�U�c�de&+_

A
S�U�(

CjÈ&�&Q'mSQ'I'$]^&�W�#�YMU�'
Q


� ]�S�%lS�"�'�&�%lY��0&['$]^#�_O&['b%�YZS�U�c�dM&�_pYZU n ]�Ye"0] AQ + BP = AB




����

µ ����� �!�"��#���
uÃ ��
u´���� ����� � � ¸ # �A¹ � � � ��� 
 ��ºK´ � � � � � � ´ � � � � � � À � ����# ��# � � ��� ��� � � ��

�� ��� � ���"���Wa

� H23#E�C�FK5�:<�\14367OFK:S}�HBF d H
AQ+BP = AB

58CG3�I<CG3 d FK79361 =�E*H2?@793�}�FDE*H£5>C�F4�6H�E58:<�\1K3£56E
C
aÏ 3�:<?�EG3SJ�=

3α
¡
3β
¡�5�:<;

3γ
E*H23N5�:<�\14367u5�E

A
¡
B
¡�58:<;

C
¡8CG3�7)Im3 d EGF��@3�1�=¢¡�5�:<;J�=

R
E*H23 d F�C d A<L�C�58;@FDA<7�?Bf 4ABC

a�� 3 d 5�1D1<E*H@5�E�fp?@Cu5�:�=MCG365�1m:@A<L J23�C
θ
¡

sin 3θ = sin θ
(

3 − 4 sin2 θ
)

= sin θ(1 + 2 cos 2θ)

= 4 sin θ sin
(

π

3
− θ

)

sin
(

π

3
+ θ

) a
� H2367,3SF4;23�:BEGF�EGF4367�}�F�1D1¢J<3SA<7,3�;Q}�F�E*H2?BA@E d ?@LML 36:BE aÒ 3�H@5\�@3

AB

sin γ
=

2R sin 3γ

sin γ
= 2R(1 + 2 cos 2γ)

a Ì � Í
� H23 Ø 5\} ?Bf��6F�:<3�7�FK: 4AQC

�\F��@367
AQ

sin γ
=

AC

sin(α + γ)
=

AC

sin
(

π
3

− β
) =

2R sin 3β

sin
(

π
3

− β
)

= 8R sin β sin
(

π
3

+ β
)

= 4R
(

cos π
3

− cos
(

π
3

+ 2β
)

)

= 2R
(

1 − 2 cos
(

π
3

+ 2β
)

) a Ì � Í
�6FKL�F�1�58C�1�=¢¡

BP

sin γ
= 2R

(

1 − 2 cos
(

π
3

+ 2α
)

) a Ì � Í
� 7)F�:<� Ì � Í ¡ Ì � Í ¡@58:<; Ì � Í ¡8}�3�79383NE*H@56E

AQ + BP = AB
F�f¢58:<;�?@:@1 =�FDf

1 − 2 cos
(

π
3

+ 2β
)

+ 1 − 2 cos
(

π
3

+ 2α
)

= 1 + 2 cos 2γ �E*H@56E�F�7�¡
cos 2γ − 1

2
= − cos

(

π
3

+ 2α
)

− cos
(

π
3

+ 2β
) a Ì � Í

� ?8} }�3�CG3W}£CGF�E�3£J<?�E*H�7)FK;<367#?Bf Ì � Í �
cos 2γ − 1

2
= cos 2γ + cos 2π

3
= 2 cos

(

π
3

− γ
)

cos
(

π
3

+ γ
) ¡

− cos
(

π
3

+ 2α
)

− cos
(

π
3

+ 2β
)

= −2 cos(α − β) cos
(

π
3

+ α + β
)

= −2 cos(α − β) cos
(

2π
3

− γ
)

= 2 cos(α − β) cos
(

π
3

+ γ
) a

� 7)F�:<�>E*H23�793�3*É�I2CG3�7)7)FK?@:27�FK: Ì � Í ¡8}�3�7,3�3NE*H@56E
AQ + BP = AB

F�ft5�:<;�?@:@1 =�FDf
cos
(

π
3

− γ
)

cos
(

π
3

+ γ
)

= cos(α − β) cos
(

π
3

+ γ
) a Ì � Í

� f�E*H236CG3�F�7!5�C�F4�6H�E£58:<�\1K3�56E
C
Ì E*H@56E£F�7�¡UFDf

γ = π
6

Í ¡OE*H23�: J2?�E*Hr7*F4;23�7!?Bf3�$BA<56EGFK?@: Ì � Í 58CG3 �)3�CG? a � f
C
FK7>:<?�E�5!CGFK�6H�E#58:<�\1K3 Ì

γ 6= π
6

Í ¡<E*H236: Ì � Í CG38;BA d 367�EG?



����

cos |α − β| = cos
(

π
3

− γ
) a � :�E*HBF�7 d 58793 Ì � Í F�7�:<3,�@36CS795�EGFK7*�¢3�;t¡OJ<3 d 56A<7,3ME*H23d ?@7*FK:<3NfKA<: d EGFK?@:!FK7�FK:�Ö{3 d EGF��@3�?@:

[0, π]
58:<;

0 ≤ |α − β| < α + β = π
3

− γ < π
a

'D� ��� �����	����
 8� � 6 F#%��+����',9�'E6��0���>4E32��������4 �>� "��5MO� =1F#%16�$ F&?&3(9>6L) 4�� < ��������� <�)������ #5���O�
)�� "��L� ?5��<1�$��� �N<7�1� 4 ��� !�� < ��4(�.C24J?:)*'&=�'�$:CD)�9>C ��6L) 0�K,-/�+� 67)�41B�"��&��"  ��*<7� %/< ��# )�M�#5����� 4/',�1##�����N4
/5���$�$MN� =�E'���9�%1��3 �O',+�CP?:) 4P? �O� � � < �5�������GJ��"��N< ��GA4,6 ������8>�*��M� >4:'E�$��� � < "�=�$ � 9>��3%�2K JC(C24 ��<7��� "
? ��<	����� �N<L� ��4 ��"�� < � "0
>" 4&F$'D4(?:)*'&=#"$�,
 � #5�(!#��� !:�$������K

���
����[�l�������T����������������* ,!.0/+12/�3�4�5È6�7��³:���=B4�t ZBD < D :Zt{t;4 G�Y / @ 4 J^G�? . D�J �$4�
P &Q'

A
�
B
�
C R &['$]^&�S�U�c�de&+_�#�`BSÃ'b%lYMS�U�c�de&^ � ]^# n '$]�S+'

(

cos 1
2
A + cos 1

2
B + cos 1

2
C
) (

csc 1
2
A + csc 1

2
B + csc 1

2
C
)

−
(

cot 1
2
A + cot 1

2
B + cot 1

2
C
)

≥ 6
√

3


� 303Q4 J <M: D t{tr7 <r=�4©3 D yX4�1�.$/^/�LÈ6�7��s 4�L A 4�< � .l3$t D�J�D+C :
	� G ~aJ : } 4�.l3$:z<e7 /�L s D . D�� 4 } / Gs D . D� 4 } / G Z /�3 J : D D�J 5 8
4�.���4 C / } : J^D���� :u/ J�J 4 ZBD :Ztu4�7 G�� tM3$:;4 x^D yi1�6^4�t{t G D�J 5x = D .lt;4�3 YMW�� :ey9: J�J :;4 G � J�C 4Ot;/ s < D <u4 ~hJ : } 4Q.z30:;<r7 G s D�J � J^C 4�tu/ G��
�mGm~ s�� ��|�D tz<r=B4Q.NOD�J / @ 3 GI~ .�3 @ tZ: J 4 J^C 7�y J^D 3$: @ y G [rJ�J 3+6�. @ � A�G � @ 3Q<r.l: D���� W � W ��:{t;/ �3Q4 } :
	� G ,!. D�J��lD�J : G
�!@�C /�30t D�} : D���D�J 5 � W N W s yX4�4 J�A�G w D tz<l6^/�y�yX4Ot G <r=B4���4�<r=�4�.lt D�J 5�3+

� YMU�"b&
A + B + C = π

��S�U�(
0 < A

�
B
�
C < π

� n &�]�SQf�&
0 = cos π

2
= cos

(

1
2
(A + B + C)

)

= cos 1
2
A cos 1

2
B cos 1

2
C − cos 1

2
A sin 1

2
B sin 1

2
C

− sin 1
2
A cos 1

2
B sin 1

2
C − sin 1

2
A sin 1

2
B cos 1

2
C


� &
(�Ygf�Ye(^& R V sin 1
2
A sin 1

2
B sin 1

2
C
S�U�(T%�& �$S�%�%lS�U�c+&Ç'$]^&['b&+%bjT_p'�#T# R 'lS�YZU

cot 1
2
A cot 1

2
B cot 1

2
C = cot 1

2
A + cot 1

2
B + cot 1

2
C


� YMU�"b&
cot 1

2
A
�
cot 1

2
B
�BS�U�(

cot 1
2
C
S�%�&9&+S�"0]ÈW!#�_$Y{'�Y f�&�� n &iS�W�W�dgV�'$]^&"!�#%$'&(#quU�& ) � S�d{Y{'uVi'b#Tc+&�'

cot 1
2
A cot 1

2
B cot 1

2
C ≥ 3 3

√

cot 1
2
A cot 1

2
B cot 1

2
C
�

n ]�Ye"0]iYMjTW^d{Ye&+_m'$]�SQ'
3

√

cot 1
2
A cot 1

2
B cot 1

2
C ≥

√
3
 *u�,+

- VTS�U�#�'$]^&�%ºS�W^W^d{Ye"�S+'�YM#�U�#�`!'$]^&.!�#%$'&(# quU�&/) � S+dZYg';VB� n &�]�S�f�&
(

cos 1
2
A + cos 1

2
B + cos 1

2
C
) (

csc 1
2
A + csc 1

2
B + csc 1

2
C
)

−
(

cot 1
2
A + cot 1

2
B + cot 1

2
C
)

=
cos 1

2
A + cos 1

2
C

sin 1

2
B

+
cos 1

2
B + cos 1

2
C

sin 1

2
A

+
cos 1

2
A + cos 1

2
B

sin 1

2
C

≥ 6
3

√

(

cos 1

2
A cos 1

2
B cos 1

2
C

sin 1

2
A sin 1

2
B sin 1

2
C

)2

= 6 3

√

cot 1
2
A cot 1

2
B cot 1

2
C ≥ 6

√
3
�



����

}�H23�CG3�}�3�H@5��@3!A<7938; Ì � Í EG?�?2JBE�5�F�: E*H23!1K5�7*E�FK:<3�$@A<561�F�E�= a � $BA<5�1DFDE{=�H2?B1K;27>F�fO5�:<;?@:@1�=!F�f
cot 1

2
A = cot 1

2
B = cot 1

2
C
a �6F�: d 3

cot t
FK7�F�:�Ö{3 d EGF �@3�?@: (

0, π
2

) ¡8}�3�79383E*H@56E�3�$@A<561�F�E�=�H2?B1K;27�FDft58:<;M?@:@1�=!F�f 4ABC
FK7#3�$@A2FD1K5�E�36C�5�1 a

'D� ��� �����	����
 8��'E3&0>'E-�� '���9�4()�"$� ���$���*4/F$'D4�? )�'2=()�F5C,9�9 �:3DC��+E42'E��8����O� ?5��<1�$��� �N<7�1� 4
� �$�5� ���$G ���!� 4 '�� 4P?:)*'&=(F#%16�$ F&?&3(9>6L) 4 � < �������$� <:)������1##���O� )�� "�� � ?5��<1�$��� �N<7�1� 4,��� !�� < ��4 �.C:4P?:)*'&=
'�$:C&)#9>C ��67) 0�K(-/�+� 67)�4 B�"��&��"  ��*<7� %/< ��# )�M�#5����� 4,'E� #5�����N4(/5���$�$MN� =���C(% + /DK(%��:?DB ��354 /5� "$�,
��
$�� "�< � <L�*4#'���=D0&���,'�E'E6 ��' ?#4D%��$��� 02�$����4(F0#�< ��" =,B ��-�? ��'H+�K ��?23(9��4�-/������� 4 $�'&4P? )�'2=�$ � 9>��3
�2K AC,C:4.��<7��� " ?5��<1�$��� �N<7�1� 4 ��"�� < � "�
>"�41F$'D4�?:)*'&= ��6(@>%�CP?54 $#���  F#�$GJG ����<7�1� F#��� �7�)���*4 P< �#� ���
%P"��$����4 �+� 4,?:)*'&=#"$�,
J�1##�,!#��� !:�$������K

�*"��5�����&�&##���P��
1�1#�"��5� #5�&!#��� !:�$����
E< �5�$;���"�� <L� �,< �2"E�O!:�$ML< " ��ML"$���E� ��G �$���������#��� "��$< �5�$;���"�� <L� <L���
� �$� � �$�#M�� <L�$���

f
4

g : (0, π) → � +
��"�� < � �1��< �0� ∏

� ��� � � � f(A) ≥ λ
"$�,
 �*<L� #5��� ∏

� ��� � � � g(A) ≥ µ
�$�

∏

� ��� � � � f(A)g(A) ≥ ν
KD67� � #5� ��� ���2M "����*4

(

∑

� ��� � � � f(A)

)(

∑

� ��� � � � g(A)

)

−
∑

� ��� � � � f(A)g(A) ≥ 6(λµ)1/3 �
"$�,
�< � � #5�E���$MN�$�,
JM "����*4

(

∑

� ��� � � � f(A)

)(

∑

� ��� � � � g(A)

)

−
∑

� ��� � � � f(A)g(A) ≥ 6ν1/3 !
67� 8���� # M "������N4:�$;���"�� <L� �.##���	
>� � �$���$;�� < � "��L��� "��#� � < "��0� �L����K � "$�#���$�D"�� ��� �#��� ��
��1#�"��:� #5�,"�!�!�� <7M "�� <7�$� � �
< �#�$;��$" � <7� <7��� ��K �1� 4 ��K �	� 4 ��K ;.��4 ��K �1L/< �>� 7�: � <L�*�1
>�(G �$���������5��� " ��< �#�$;��$" � <7� <7���E� �2�1##��� �$�OG

(

∑

� ��� � � �
(

cos(A/2)
)p

)(

∑

� ��� � � �
(

csc(A/2)
)p

)

−
∑

� ��� � � �
(

cot(A/2)
)p ≥ 6 · 3p/2

� �$�D"$�+�P!:�$�N<L� <	���/����" ��� ��G 8����
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M
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P &Q'
H

S�U�(
K R &�W�#�YMU�'l_�#�U MF

_ � "0]\'$]�S+'
HN ⊥ MF

S�U�(
KN ⊥ MN


qr` 1

HN
=

1

2

(

1

a
+

1

b

) S�U�(
NK =

√
ab

* n ]^&�%�& a > b > 0
+b�F_O]^# n '$]�SQ'

KI = (a + b)/2
`r#�%m_>#�jÈ&Ã_$YecQU�Y��B"�S�U�'ºW!#�YZU�'

I
#�U

MN
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W!#�YZU�' n ]^&+%�&�'$]^&�d{YMU�& MN
YZU�'b&+%l_O&�"�'�_'$]^&�dZYZU�&�W!&+%bW�&�U�(�Ye" � dZS�%h'b#

MK
SQ'

K
��'$]^&�%�YMc+]�'h'b%�YZS�U�c�dM&�_

HNK
S�U�(

NKI
S�%�&_0YZjTY{dMS�%O n ]^&+U�"$&�� IK/KN = KN/NH

��S�U�(

KI =

√
ab ·

√
ab

2ab/(a + b)
=

a + b

2
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I
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nÊn a µ ��� � �!� ��#�º���� �� � ����� � ��º���# � � � � � � � ��
�³ � � � ���4½ � � � � ´ �"�����_¸ # �A¹ � � � ��� 
 � À��
· � � ��� � ��� � � ¸ µ �NaÒ 3�5�797*A<L 3SE*H@56E�E*H23 d ?@:@F d FK7�E*H23Q361D1�F�I<793

x2/α2 + y2/β2 = 1 �
E*H23£fp? d A<7

F
F�7>E*H23!Im?BF�:BE

(c, 0)
¡<}�H23�CG3

c
795�EGFK7*�¢367

c2 + β2 = α2 a!Ó ?@C#7,?@L�3£�B5�1DAm3M?Bf t
¡

0 < t ≤ π/2
¡<1K3�E

M
J<3�E*H23�Im?BF�:BE

(α cos t, β sin t)
a#� 7)F�:<�£7*E�58:<;@58CG; d 561 d A21DA<7�¡?@:<3�;23�EG3�CGLMF�:<3�7�E*H23�C�5�;BF�A<7#?Bf d A<C{�B56EGA<CG3£5�E

M
E�?MJ23

k3/(αβ)
¡8}�H236CG3

k2 = α2 sin2 t + β2 cos2 t
a

� H23�7*14?@I<3�?BfOE*H23!EG5�:<�63�:BEN56E
M

FK7 −β cos t/α sin t
¡/7,? E*H@5�E�E*H23�7*14?@I<3�?BfOE*H23:<?@C�LM5�1>E*H23�CG3�LMA<7�E~J23

α sin t/β cos t
a¾� H236CG36fp?@CG3B¡

MN
H@587 E*H23�3�$@A<5�EGF4?@:

y − β sin t =
α sin t

β cos t
(x − α cos t)

¡2?@C
(β cos t)y − (α sin t)x + c2 sin t cos t = 0

a
� HBF�7�1DFK:<3�L 3�3�E�7uE*H23

xÙ 5WÉ8F�7�56E N

(

c2 cos t

α
, 0

)

�
}�H23�: d 3@¡

MN2 = β2 sin2 t +

(

β2 cos t

α

)2

=
β2k2

α2

a Ì � Í
�6FK: d 3SE*H23�3�$@A<5�EGF4?@:�?Bf<E*H23�1DFK:<3

MF
F�7

y = −(x − c)β sin t/(c − α cos t)
¡�E*H23;@F�7*E�58: d 3�f4CG?@L

N
EG?

MF
F�7

NH =

∣

∣

∣

∣

βc2 sin t cos t

a
− βc sin t

∣

∣

∣

∣

√

β2 sin2 t + (c − α cos t)2

a
� H23£7 $@A<5�CG38�*CG?2?�EUE�36C�LËFK:!E*H23£;<36:<?@LMF�:256EG?@Cu7*FKLMI21DF��m3�7�5�7�fp?B1�1K?8}£7 �
β2 sin2 t + (c − α cos t)2 = β2 sin2 t + c2 − 2αc cos t + α2 cos2 t

= β2 sin2 t + c2 − 2αc cos t + (β2 + c2) cos2 t

= α2 − 2αc cos t + c2 cos2 t = (α − c cos t)2 �
E*HBA<7�¡

NH = βc sin t/α
¡25�:<;

MH2 = MN2 − NH2 =
β2k2

α2
− β2c2 sin2 t

α2

=
β2
(

α2 sin2 t + (α2 − c2) cos2 t
)

− β2c2 sin2 t

α2

=
β2(α2 − c2 cos2 t − c2 sin2 t)

α2
=

β4

α2

a
�£36: d 3B¡

MH = β2/α
Ì � Í

Ì }�HBF d H¢¡@F�: d F4;23�:BE�5�1D1�=¢¡BF�7#J2?�E*HQE*H23�1�56EGA<7�CG3 d EGA<LÕ?Bf<E*H23�3�1�1DFKI27,3S58:<;QE*H23�C�5�;BF�A<7#?Bfd A<C{�B56EGA<CG3£56E
(α, 0)

Í)a
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MNK

5�:<;
MHN

¡�}�3�7,3�3cE*H@5�E
MK/MN = MN/MH

aO� ?@L�J@F�:@FK:<�#E*HBFK7uI2CG?@Im?@CÊEGF4?@:£}�F�E*H!3�$@A<5�EGF4?@:27 Ì � Í 5�:<;Ì � Í ¡�}�3£79383NE*H@5�E
MK =

MN2

MH
=

k2

α

a
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IMK
58:<;

NMH
¡

IM =
MN · MK

MH
=

k3

αβ

¡
7,?�E*H@56E

IM
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M
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M
�L���1##� � ��ML<

F
"���


F ′ = ML"�� �
N

�1##��!:��< �#� ��##�����/�1##�
8$< ���$MN� �$�2� �

∠FMF ′ G �$�$� �
FF ′ K � 9 #�< � < �D�1##���#�$�OGJ"���� � � #5�,MN�$��<LM5"��

M
=�< ���1##�EML"$���E� ��"(!#"�� "�8���� "�4

MF ′ < �P� "  ���� �L� 8���� #5�/� < �5���1#������ � #
M

�1#�"�� < ��!#"$� " � �7�*�2�L� �1##� " �$< ��K �/-/�����5�
K

� �J8���� #5�/!:��< �5�
��#5�����/�1##��!:��� !:���,
$<LM���� "$�D� �

MN
"��

N
G �$�$� �

MF
= � #5���

I
< �,� #5��!:��< �5� ��#5�����/� #5��!:��� !:���,
$<LM���� "$�

� �
MF

"��
K

G �$�$� �(� #5�,�#�$�OGJ"��
MN

KDF��L��"�� � � 4 �1##�,�5�$G 8���� �
a

"$�,

b

�1#�"���" !�!:��"��:< �J�1##��!#����8$�L��G
"$���(" � ���5MN� <7�$� � �

M
= � #5�"�E"$���/�$��� �/< ��
$< ���$M�� � �E���*� "�� ��
1� ��� #5���L������� #��(� � � #5�(����GA<�' GJ" 
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����5���L��
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P &Q'

F (n) R &�'$]^&�U � j R &+%�#�`^#�U�&+_�YZUÃ'$]^& R YZU^S�%uV
&$k�W^%�&�_0_0YM#�U
#�`�'$]^&�W!#�_$Y{'�Y f�&YMU�'�&�c+&+%
n
 \ #�%m&0k�S�j�W�de&��

F (5) = F
(

101(2)

)

= 2
�

F (15) = F
(

1111(2)

)

= 4


P &Q'
Sk =

∞
∑

n=1

F k(n)

n(n + 1)

� n ]^&+%�& F k(n)
YM_F(�& �!U�&�(�%�&�" � %l_0Y f�&+d V R V F 1 = F

S�U�(

F k = F ◦ F k−1
`r#�%

k ≥ 2


*MS�+ � %�#�f�&['$]�SQ'
S1 = 2 ln 2


* R + � %�#�f�&['$]�SQ' 18

5
ln 2 − 1

15
≤ S2 ≤ 4 ln 2


*r" + � %�#�f�&['$]�SQ' 218

25
ln 2 − 7

25
≤ S3 ≤ 11 ln 2


*r( +

? � #�jTW � '�&
Sk


� � 5 � quU�'$]�YZ_aW^%�# R dM&�jX��'$]^&�&$k�W^%�&�_0_0YM#�U F k(n)

j�&�S�U^_
(

F (n)
)k
�Q%lSQ'$]^&�%�'$]�S�U

'$]^&
k �

� Y{'�&�%lSQ'b&�#�`
F
��S�_�_$'lS+'�&�(9S R #+f�&� *
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µ ����� �!�"��# �"� � ��� � Ì 5 Í ��
 � ������ � �¢¾ ��# � � � � ¸ � ����� �!# � #!Ä�
 � # ��� � � � �~Å # # � ��� � � � �� ������ ���2a
Ó ?@CS5�:�=ÈIm?@7*FDEGF �@3MFK:BEG38�636C

n
¡U;<36:<?�E�3ME*H23~JBFK:25�C{=�CG36I<CG367,36:BEG5�EGF4?@:r?Bf

n
J�=

∞
∑

j=0

zj(n)2j a�� H23�: F (n) =
∞
∑

j=0

zj(n)
a�� ?8}

S1 =
∞
∑

n=1

F (n)

n(n + 1)
=

∞
∑

n=1

∞
∑

j=0

zj(n)

n(n + 1)
=

∞
∑

j=0

∞
∑

n=1

zj(n)

n(n + 1)

=
∞
∑

j=0

∞
∑

ν=0

2j−1
∑

u=0

1

(ν2j+1 + 2j + u)(ν2j+1 + 2j + u + 1)

=
∞
∑

j=0

∞
∑

ν=0

(

1

ν2j+1 + 2j
− 1

ν2j+1 + 2j + 2j

)

=
∞
∑

j=0

∞
∑

ν=0

(

1

(2ν + 1)2j
− 1

(2ν + 2)2j

)

=

∞
∑

j=0

1

2j

∞
∑

ν=0

(

1

2ν + 1
− 1

2ν + 2

)

=

∞
∑

j=0

1

2j

∞
∑

n=1

(−1)n−1

n
= 2 ln 2

a
µ ����� �!�"��#��"� � ��� � � Ì J Í ��#�� Ì d�Í ��
�� � � � � � � � � �Wa

Ò 3£H@5��@3
F (2m) = F (m)

58:<;
F (2m + 1) = 1 + F (2m) = 1 + F (m)

aØ 3�E
ak ≤ Sk ≤ bk

a�� H236:
Sk =

∞
∑

n=1

F k(n)

n(n + 1)
=

∞
∑

m=0

(

1 + F (m)
)k

(2m + 1)(2m + 2)
+

∞
∑

m=1

F k(m)

2m(2m + 1)

=

∞
∑

m=0

1

(2m + 1)(2m + 2)
+

∞
∑

m=0

k−1
∑

p=1

(

k
p

)

F p(m)

(2m + 1)(2m + 2)

+

∞
∑

m=0

F k(m)

(2m + 1)(2m + 2)
+

∞
∑

m=1

F k(2m)

2m(2m + 1)

= ln 2 +
∞
∑

m=1

F k(m)

2(2m + 1)

(

1

m + 1
+

1

m

)

+

k−1
∑

p=1

(

k
p

)

F p(m)

(2m + 1)(2m + 2)

= ln 2 +
1

2
Sk +

∞
∑

m=1

k−1
∑

p=1

(

k
p

)

F p(m)

(2m + 1)(2m + 2)

a
�£36: d 3B¡

Sk = 2 ln 2 + 2

k−1
∑

p=1

(

k

p

) ∞
∑

m=1

F p(m)

(2m + 1)(2m + 2)

a Ì � Í
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(2m + 1)(2m + 2)
≤ 1

4m(m + 1)

¡Bf4CG?@L Ì � Í }�3£H@5��@3

Sk ≤ 2 ln 2 +
1

2

k−1
∑

p=1

(

k

p

) ∞
∑

m=1

F p(m)

m(m + 1)
≤ 2 ln 2 +

1

2

k−1
∑

p=1

(

k

p

)

bp
a

Ó CG?@L�I<5�C�E Ì 5 Í ¡�}�3£H@5��@3
b1 = 2 ln 2

58:<;¢¡@fp?@C
k = 2

¡�}�3 d ?@: d 1�Am;23SE*H@56E
S2 ≤ 2 ln 2 +

1

2

(

2

1

)

b1 = 4 ln 2 �

E*HBA<7�¡
b2 = 4 ln 2

auÓ ?@C
k = 3

¡8}�3£H@5\�@3
S3 ≤ 2 ln 2 +

1

2

[(

3

1

)

+

(

3

2

)]

= 11 ln 2
¡

}�HBF d H�L 3658:27uE*H@5�E
b3 = 11 ln 2

a
� :�E*H23Q?�E*H236C�H@5�:<;t¡ 1

(2m + 1)(2m + 2)
≥ 1

5m(m + 1)

fp?@C
m ≥ 2

¡25�:<;
f4CG?@L Ì � Í }�3£H@5��@3

Sk ≥ 2 ln 2 +
2

5

k−1
∑

p=1

(

k

p

) ∞
∑

m=2

F p(m)

m(m + 1)
+

1

6

k−1
∑

p=1

(

k

p

)

≥ 2 ln 2 +
2

5

(

k−1
∑

p=1

(

k

p

) ∞
∑

m=2

F p(m)

m(m + 1)
− 1

2

k−1
∑

p=1

(

k

p

)

)

+
2(2k − 2)

12

≥ 2 ln 2 − 2k − 2

30
+

2

5

k−1
∑

p=1

(

k

p

)

ap
a

Ó ?@C
k = 2

¡8}�3 d ?@: d 1DAm;<3Sf4CG?@L I258CÊE Ì 5 Í E*H@56E
S2 ≥ 2 ln 2 − 1

15
+

2

5

(

2

1

)

a1 =
18

5
ln 2 − 1

15

a
�6FK: d 3

a2 = 18
5

ln 2 − 1
15

¡8}�3£H@5��@3
S3 ≥ 2 ln 2 − 1

5
+

2

5

[(

3

1

)

a1 +

(

3

2

)

a2

]

≥ 118

25
ln 2 − 7

25

a
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 8�.�$C�� �A)�F#%(��CD)��:��3�/#4��#"���N<	
��*4D+(��4/?:)*'&=:"$�,
 �1##�P!#��� !:�$������K($�"$� �

� ��2����GJ"�< ���E� !:���:K

���
�[�Ç[�l�������T��������������Q* ,!.0/+12/�3�4�5È6�7��³:e= 	D tr7 Z 4 J ����4 G�Z . D 3�/ }�G�Y /�y D�J : D 
P &Q'

ABC R &ÃS�U�V¡'b%�YZS�U�c�dM&� � ]^# n '$]�S+'
∑

� ����� � �

1 + 2 sin A − cos 2A

8 + 3 cos
(

A

2

)

cos
(

B − C

2

)

+ cos
(

3A

2

)

cos

(

3(B − C)

2

) ≤ 1




���

� � � � � � � � � ��º � � � � � � � � � # �!�"� ��� ������� �!�"��# ����
 · � � � � �¤´�� ����� � � � � Ã�� � � # � � � ��# � ���� # � �� � � � � � � � � �Wa
Ò 3��<C�7*E�L�58�83SE*H23Sfp?B1�1K?8}�FK:<�S?2J2793�C{�B5�EGF4?@:27��

1 + 2 sin A − cos 2A = 2 sin A + 2 sin2 A
¡ Ì � Í

2 cos
(

A

2

)

cos
(

B − C

2

)

= cos
(

A + B − C

2

)

+ cos
(

A + C − B

2

)

= cos
(

π − 2C

2

)

+ cos
(

π − 2B

2

)

= sin C + sin B
¡ Ì � Í

2 cos
(

3A

2

)

cos

(

3(B − C)

2

)

= cos

(

3(A + B − C)

2

)

+ cos

(

3(A + C − B)

2

)

= cos

(

3(π − 2C)

2

)

+ cos

(

3(π − 2B)

2

)

= − sin 3C − sin 3B
a Ì � Í

� 7)F�:<� Ì � Í ¡ Ì � Í ¡B58:<;!E*H23Sfp?@C�L�A21K5
sin 3x = 3 sin x − 4 sin3 x

¡�}�3£�63\E
8 + 3 cos

(

A

2

)

cos
(

B − C

2

)

+ cos
(

3A

2

)

cos

(

3(B − C)

2

)

= 8 + 3
2
(sin B + sin C) − 1

2
(sin 3B + sin 3C)

= 2(4 + sin3 B + sin3 C) ≥ 2(3 + sin3 A + sin3 B + sin3 C)
a Ì � Í

Ø 3�E
L
;23�:<?�EG3£E*H23�143�f�E�7)FK;<3Q?Bf�E*H23�F�:<3�$BA<5�1DFDE{=�F�:�E*H23QI2CG?2J@1K3�L 7�EG5�E�36L 36:BE a� 7)F�:<� Ì � Í 58:<; Ì � Í ¡8}�3£?2JBE�5�F�:

L ≤
∑

 �  �% !  
2 sin A + 2 sin2 A

2(3 + sin3 A + sin3 B + sin3 C)
=

∑

 �  �% !  (sin A + sin2 A)

∑ �  �% !  (1 + sin3 A)

a

�£36: d 3B¡8F�E�7*A � d 3�7�E�?£79H2?8}iE*H@5�E ∑ �  �% !  (sin A+sin2 A) ≤ ∑ �  �% !  (1+sin3 A)
¡�}�HBF d H

FK7#3�$@A2F �B5�1K3�:BE�FK:M7*A d*d 3�7)7)FK?@:!EG?
∑

 �  �% !  (1 + sin3 A − sin A − sin2 A) ≥ 0
¡

∑

 �  �% !  (1 + sin A)(1 − sin A)2 ≥ 0
a

�6FK: d 3SE*H23�1�587�E�F�:<3�$BA<5�1DFDE{=�F�7 d 143658C�1�=QE�C�Am3@¡2?BA<CuI2CG?2?Bf¢FK7 d ?@L�I@143\E�3 a
'D� ���1�����	����
J8� 1" �L� #5��� � "$�#���$�N4,?5�O� ��� < �#���0���$GJ��"$�N<L�$GA4:67������8>�*��M� $4�'/�����7� < "�K
�>���$G�� #5�(� "$����< �5�$;���"�� <L� �/< �J�1##��!#����� � � ��"�� �$����
P"�8����$�*4�<7��< �,ML�L��"����1#�"�� �$;��$" � <7�1�1ML"$���5���,#5���1


< ���1##� ��<1�$��� < �5�$;���"�� <L� ��KJ9 #�< � �,"��1����!�� <7M <7� � �1!:��< �5�L��
 �����(8� � "$�#���$�N4 ��#5� 8��*� <L� ����� �1#�"����1##�A8������
� !�!:���,8�������


λ
� �$�

L
< �

λ = (90 + 69
√

3)/229 ≈ 0.915
45"�� � " < �#��
 ��#5���

A = B = C = π
3

K



��8�

Ú�Ç�Ú Ð a � ����� �� � ��� ¡ ��� � 
 ³ � � � � � � ����
 · � ��	���
~´ � # � � � � ´ � ���	��¹ � Ã � � � # ���2a
Ø 3�E

O
J23�E*H23 d FKC d A<L d 36:BE�CG3~?Bf 4ABC

a�Ø 3�E
D
¡
E
¡/5�:<;

F
J<3�E*H23MLMFK;<�Im?BF�:BEG7/?Bf

BC
¡
CA

¡�5�:<;
AB

¡�CG3679I<3 d EGF �@361 =
�
143\E

K
¡
M
¡�5�:<;

N
J<3�E*H23uLMFK;<�*Im?BF�:BEG7?Bf

OA
¡
OB

¡¢58:<;
OC

¡¢CG3679I<3 d EGF �@361 = a Ï 3�:<?�EG3�E*H23 d FKC d A<LMC�5�;BF�A<7\¡¢F�:2C�5�;BF�A<7\¡t5�:<;7,36LMF�Im36CGF�L 3\E�36C�?Bf 4ABC
J�=

R
¡
r
¡@58:<;

s
¡@CG3�7)Im3 d EGF��@3�1�= a 0<CG?��@3NE*H@56E

2(KD + ME + NF ) ≥ R + 3r +
s2 + r2

2R

a
µ ����� �!�"��# ��
 · � � � � �p´�� ����� � � � � Ã � � � # ��� � � #�� � � � ��� � � � ����
�� ��� � � � ���Wa

Ó F�C�7*E,¡�}�3£I2CG?��@3SE*H@5�E
KD2

R2
=

1

4
+ cos2 A + cos A cos(B − C)

a Ì � Í
Ò 3 d 58:M5�797*A<L 3NE*H@56E

B
FK7 d 1K?@7,36COE�?

A
E*H@5�:!E�?

C
a

� f
∠A

FK7�5�C�F4�6H�E!5�:<�\143B¡�E*H236:�E*H23ÈI<?BFK:BE�7
D
5�:<;

O
d ?BFK: d FK;<3�5�:<; Ì � Í F�73�$BA2F��B561436:BE�EG?

R = 2KO
¡8}�HBF d H!F�7 d 143658C�1�=QE�C�Am3 a

� f
∠A

F�7�5 d A@EG3@¡�E*H236:
∠KOD = ∠AOB + ∠BOD

= 2C + A

= π − (B − C)

58:<;
OD = R cos A

ai� H23 Ø 5\} ?Bf � ?@7)F�:<3�758I2I21DF43�;�FK: 4KOD
=@FK361K;27 Ì � Í9a
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A

B CD

K

O

� f
∠A

F�7#?2JBEGA<793@¡8E*H23�:
∠KOD = ∠BOD − ∠AOB

= (π − A) − 2C

= B − C

58:<;
OD = R cos(π −A) = R cos A

atb ��5�F�:E*H23 Ø 5�}Â?Bf � ?@7*FK:<367�F�: 4KOD
=@FK361K;27 Ì � Í9a
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A

B CDK

O

Ó CG?@L Ì � Í ¡8}�3£�63�E
KD2

R2
=

[

cos A +
1

2
cos(B − C)

]2

+
1

4
sin2(B − C)

≥
[

cos A +
1

2
cos(B − C)

]2 ¡
58:<;!E*H236CG36fp?@CG3B¡

KD ≥ R
∣

∣cos A + 1
2
cos(B − C)

∣

∣ ≥ R
[

cos A + 1
2
cos(B − C)

] a



�8���

�6FKL�F�1�58C�F�:<3�$BA<5�1DFDEGFK3�7uH2?B14;£fp?@C
ME

5�:<;
NF

atb ;<;BFK:<�#E*H2367,3N5�:<;�A<7)F�:<�#E*H23#}�3�1�1K���:<?8}£:�fp?@C�L�A21K5�7
∑

 �  �% !  cos A = 1 +
r

R

¡
∑

 �  �% !  cos B cos C =
r2 + s2 − 4R2

4R2

¡
58:<; ∑

 �  �% !  sin B sin C =
r2 + s2 + 4Rr

4R2

¡
}�3�?2J�EG56FK:

2(KD + ME + NF )

≥ 2R

[

∑

 �  �% !  cos A + 1
2

∑

 �  �% !  cos(B − C)

]

= R

[

2

(

1 +
r

R

)

+
r2 + s2 − 4R2

4R2
+

r2 + s2 + 4Rr

4R2

]

= R + 3r +
s2 + r2

2R

a
'D� ���P�����1�$��
�8� $ � 9>��3��2K AC,C:4 ��<7��� " ? ��<	����� �N<L� ��4,�$" � < � "�
>"�4:F$'&4�? )�'2=�"$�,
��1##�D!#��� !:�$������K

���
���Ç �����������F����)��
���+��*���"$#�%�%�&�"�'�&�( �l����������)���)��
)����+*���"b#�%b%�&�"�'b&�(�S�cQS�YZU����������� �����B�������+* ,!.0/+12/�3�4�5È6�7�� D .l: D�J � D .l: J 4�3 � @�G � / J 6^/ J�J /�< GI? . D�J �b4�
P &Q'�� + R &Ã'$]^&�_O&�'�#�`hU�#�U �$U�&�cQSQ'�Ygf�&
%�&+S�dBU � j R &+%l_� \ #�%mS�d{d

a
�
b
�
c ∈

�
+
�de&�'

H(a, b, c) R &Ç'$]^&�_>&Q'm#�`�S�d{d�` � U�"�'�Ye#�U^_ h :
�

+ →
�

+
_ � "0]¡'$]�S+'

h(x) ≥ h
(

h(ax)
)

+ h(bx) + cx
`r#�%�S+dZd

x ∈
�

+
 � %�#+f�&�'$]�SQ'

H(a, b, c)
YZ_�U�#�U �>&+j�W�';VTYZ`aS�U�(\#�U�d V�Y{`

b ≤ 1
S�U�(

4ac ≤ (1 − b)2


� � 5 � ��]^&Tf�&�%l_$Ye#�U�#�`º'$]�YM_¡W^%�# R dM&�j®'$]�SQ' n S�_i#�%lYec�YZU^S�d{dgV�W�%lYMU�'�&�(�YMU � % � k�����������h����)��I�����+* n S�_�%�&Of�YM_>&�(\' n Ye"b&9YMUÉdZS+'�&�%�YM_0_ � &+_['b# "b#�%b%�&�"�'�';V�W!#^cQ%lS�W!]�YM"bS+d&�%�%�#�%l_��! R #+f�&¡YZ_�'$]^& ��U^S�da"$#�%�%�&�"�'�&�(Tf�&�%l_$Ye#�U �l�������X� ���Q�!� ������*��BS�_�_ � R jTYg'l'b&�(R V�'$]^&¡W^%�#�W!#�_>&�%���FU�`r#�%z' � U^S+'�&+d V���Y{'pYZ_�_b'�YZd{d�U�#�' ) � Yg'b&¡%�YMc+]�'O�!S�_�"bS�U R &¡_>&�&+U R V# R _>&�%uf�YMU�c
'$]�SQ'F'$]^& �0&�%�#È` � U�"�'�Ye#�U h(x) ≡ 0
YM_ÇS+d n S�V^_�YMU H(a, b, c)

YZ`
c = 0

��]^&
_$'lS+'�&�(�& ) � Ygf�S+de&+U�"$&
S�dZ_O#i`eS�Y{dM_�YMU9'$]^&¡"�S�_>& n ]^&+%�& c > 0
�
a = 0

S�U�(
b = 1

��#TSQf�#�YM(�(�&+S�d{YMU�c n Y{'$]i'$]^&+_O&�_>W�&�"bYZS�d�"�S�_>&�_�� n & n YZd{d�"$#�%�%�&�"�'º'$]^&
W^%�# R dM&�j *r#�U�"b&jÈ#�%�&�� + R VÈ%�&/) � YZ%�YZU�c c > 0
YMU^_b'b&+S�(\#�` � � _b'

c ≥ 0
S�U�(�'$]^&+U\S�_���YMU�cÃ`r#�%�SiW^%�#^#�`'$]�S+'

H(a, b, c)
YM_�U�#�U �>&+j�W�';VÈYZ`2S�U�(X#�U�dgVÈY{`

b < 1
S�U�(

4ac ≤ (1 − b)2
Ç�B]^&W�%�#�W�#�_O&+%�� _F_>#�d � '�YM#�U9YZ_m'$]^&�U�&�_0_O&+U�'�YMS+dZd VT"b#�%b%�&�"�'� *
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µ ����� �!�"��# ��
�� � � � � � � � � � ��� ��� ��� � ����
�� ��� � ���"���Wa
Ó F�C�7*EO7*A<I<I<?@7,3#E*H@56E

b < 1
58:<;

4ac ≤ (1− b)2
a�Ø 3\E

p
J<3>58:�=QCG365�1@:@A<L J23�C7)A d HQE*H@56E

ap2 − (1 − b)p + c ≤ 0
a�Ó ?@Cu3)É�5�L�I@143B¡ d H2?2?@793

p = (1 − b)/(2a)
F�f

a > 0
58:<;

p = c/(1 − b)
F�f

a = 0
a/� H236:QE*H23NfKA<: d EGFK?@:

h(x) = px
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